Static Stress-Deformation Characteristics of Sand by Ko, Hon-Yim
• I 
CALIFORNIA INSTITUTE OF TECHNOLOGY 
SOIL MECHANICS LABORATORY 
STATIC STRESS-DEFORMATION CHARACTERISTICS 
OF SAND 
by 
Hon-Yim Ko 
A report on research conducted for the 
National Science Foundation 
Pasadena, California California Institute of Technology , 
D '::. P~RTMENT OF 
1966 CIVIL ENGINEER\NG 
STATIC STRESS-DEFORMATION CHARACTERISTICS OF SAND 
Thesis by 
Hon-Yim Ko 
In Partial Fulfillment of the Requirements 
For the Degree of 
Doctor of Philosophy 
California Institute of Technology 
Pasadena, California 
1966 
(Submitted January 25, 1966) 
- iii -
ACKNOWLEDGMENTS 
The author wishes to thank his advisor, Dr. R. F. Scott, for 
his guidance during the course of this investigation. Thanks are also 
due to Dr. R. A. Westmann for his interest in this work. 
The author is indebted to the California Institute of Technology 
for the tuition scholarships granted and to the National Science Founda-
tion for the support of this work under Contracts GP657 and GK626. 
- iv -
ABSTRACT 
A soil test box, capable of applying any combination of princi-
pal stresses to a cubical soil sample, was developed for the experi-
mental investigation of the behavior of granular soils under static 
loading. A stress control device was also developed, enabling a con-
tinuous and proportionate change to be made in the stresses along a 
stress path and considerably simplifying the calculation of the stress 
state in the sample. The apparatus was u sed t o investigate (a) the 
hydrostatic compression of an Ottawa sand , and (b ) the behavior of the 
same soil under various deviatoric stress paths in both l oading and 
unloading conditions. 
A t heoretical "holey" model was postulated for sand under hydro-
static stress and the results of the analysis of this model were found 
to correlate closely with the experimental data . 
The qualitative behavior of sand under shear stresses was ex-
amined from a particulate point of view. Specially designed tests were 
performed on the Ottawa sand with l oading and unloading along stress 
paths which involved different combinations of hydrostatic and devia-
toric stresses, with the purpose of examining the proportions of recover-
able and irrecoverable deformations . A failure envelope was obtained 
for a medium dense and a medium loose sand by monotonically tncreasing 
TOCT while keeping ~OCT constant under various condit ions of stress 
d istribution, and it was found that the value of equivalent Coulomb ~ 
increased from 42° in t riaxial compression to 48° in triaxial extension 
for the medium dense sand and from 36° in triaxial compression to 44o in 
triaxial extension for t he medium loose sand . 
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CHAPTER I 
REFERENCE FRAMEWORK OF THEORY 
(l) Principal Stress Space 
It is desirable to set down a framework of reference at the be-
g inning of this thesis, so that later discussions can continue without 
interruption by elaborate definitions. 
The term "stress" is defined in the usual engineering sense as 
force per unit area [1].* It can be shown [l] that the stresses acting 
at a point of a material can be uniquely represented by three principal 
stresses whose directions of action are mutually perpendicular to each 
other. Hence, to describe the stresses in a material, it is necessary 
to specify only the three principal stresses and the directions in which 
they act. A homogeneous stress state in a body is one in which every 
point in the body has the same set of principal stresses acting i n the 
same directions . 
The state of principal stresses can be split into two additive 
syst ems of principal stresses [1]. The first, called the hyrostatic 
system, has all three principal stresses equal. The second, the devia-
toric system, represents a state of pure shear. 
It will be found convenient to represent the stress states of a 
body by plotting the three principal stresses in a system of rectangular 
coordinates in which the coordinates are made equal to the principal 
stresses ~l, ~2 and ~3, of Fig. (I.l). It will be understood that, in 
*Numbers in brackets refer to the references at the end of the 
thesis. 
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the content of this thesis all compressive stresses are positive and 
that, unless specified otherwise, the rule will be followed in which 
~~ ~ ~2 ~ Us ~ 0 . Thus by plotting the stress state as a point in this 
principal stress space (or the Haigh-Westergaard space [2], [3]), one 
can easily trace how the stress state changes by following the stress 
point. 
There are several features of the principal stress space which 
are relevant to the investigation described in this thesis. The first 
is the space diagonal or the hydrostatic axis [4], which is the line 
with equation ~~ = ~2 = us, through the origin of the principal stress 
space, making equal angles of cos-~ 1/ vr:5with each of the three coordi-
nate axes, Fig. (I.l). A point of this line represents a hydrostatic 
stress state in which no shear stress exists and all normal stresses 
are equal. The second is that any plane perpendicular to the space 
diagonal is called an octahedral plane, with equation u~ + u2 + ~s c, 
and all points on this plane have the same mean normal stress, the octa-
hedral normal stress 
C/3 (I.l) 
to which only the hydrostatic component of the principal stresses makes 
a contribution. 
In particular, the plane perpendicular to the space diagonal 
containing the origin has the equation u~ + u2 + Us o, so that only 
the deviatoric components of the principal stresses can affect the posi-
tion of a point on this plane. This is called the deviatoric plane. 
An octahedral plane is any plane parallel to it. The resultant stresses 
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at a point such as P, Fig . (I.l), due to the hydrostatic and deviatoric 
components, can be determined by passing a plane through P perpendicular 
to the space diagonal which it will intersect at a point P' representing 
the hydrostatic stress at P. The line PP' in the plane then represents 
the deviatoric contribution to the stress state at P. The quantities 
JOCT and TOCT' as defined in [4], are then represented as shown in 
Fig. (I.l). A stress state can then be represented by JOCT' •ocT and 
an angle in the deviatoric plane in which •ocT acts. 
The vertical plane which bisects the cr~J2 and the J~J3 planes 
has its trace OA on the J2J3 plane, mal~ing equal angles of 45° with the 
axes Ocr2 and Orr3 • This plane is called the triaxial plane [4], because 
all points on it represent a triaxial stress state in which cr~ ~ cr2 = J 3 . 
(Here the rule J~ ~ J2 ~ cr3 is not observed.) The triaxial plane OA is 
shown in Fig. (I.2), and has ordinates cr~ and abscissae J2 rr2 = /2 cr3 • 
A point on this plane above the space diagonal has cr~ > J2 
therefore represents a triaxial compression state, whereas a point 
below it has J~ < cr2 = rr3 and represents a triaxial extension state. 
Here rr3 is the major and cr~ the minor principal stresses. 
In the investigation of the failure condition of soils, the 
yield strength (the term "yield") will be discussed in detail in Chapter 
III) of the material is usually expressed in terms of an angle of inter-
nal friction, denoted by ~· For a triaxial stress state, ~ is calculated 
from 
sin ~ (I. 2 ) 
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where ~1 and ~3 are the major and minor principal stresses at failure. 
Here the intermediate principal stress, ~2, is either equal to the major 
or to the minor principal stress. The value of ~ thus defined by Eq. 
(I.2) is usually called the Coulomb friction angle [5]. However, when 
the intermediate principal stress takes up a value other than the major 
or the minor principal stress, a friction angle as such, may have no 
physical meaning; however, we will continue to define a modified Coulomb 
friction angle, ~' by Eq. (1.2), irrespective of the value of the inter-
mediate principal stress. 
For terms such as the stress and strain invariant functions, the 
reader is referred to the book by Scott [4]. 
(2) General Behavior of Granular Soil under Stresses 
It is also desirable at this point to briefly describe the 
general behavior of sand under stress, particularly as it has developed 
in connection with this research program. 
Sand consists of a structural arrangement of grains, the pores 
of the structure being filled with fluids, normally air and water. 
Therefore sand is not a continuous medium and should be properly treated 
as a discrete system of particles. The mechanicgl properties of sand 
are then dictated by the interaction of the grains at their contacts, 
and are influenced also by the presence of the pore fluids under c.e.rtain 
conditions. 
When such a mass of grains is subjected to external stresses, 
these stresses will be resisted by the forces developed between grains 
at points of contact. The overall or macroscopic deformation of the 
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soil mass when the load (including both volumetric and shearing stresses) 
is applied and then removed after a certain time is shown in Fig. (I.3), 
after Scott [4]. The microscopic behavior will be examined in Chapter 
III. The deformation considered here can arise from both shearing 
strains and volume changes. When the load is first applied, there is an 
instantaneous deformation OA. If the load is immediately removed, the 
deformation would become OB, thus leaving a permanent set. The recover-
able portion of the deformation is represented by AB. If the load is 
maintained on the soil for some time, the deformation will increase 
along the curve AC, which for sand will quickly flatten out to a hori-
zontal line. Also, the deformations represented by A and C are almost 
equal, indicating that the deformations in sand under stresses are al-
most instantaneous. 
When the load is removed at time represented by C, the deforma-
tion will suddenly return to the value represented by D and will then 
follow the curve DE until a steady value is reached. Again in the case 
of sand, elastic recovery takes place quickly, so that the deformations 
can be considered to be instantaneous both on loading and unloading. 
The total permanent set is represented by OF, which is not very differ-
ent from the instantaneous permanent set OB. 
When the results of tests with the conventional triaxial appara-
tus in the absence of vibrations [6], in which both ~JCT and 'ocT in-
crease are examined by plotting axial stress versus axial strain, Fig. 
(I.4), it is found that a nonlinear stress-strain relationship is ob-
tained between 0 and A. When the load is removed at A, the unloading 
curve i s AB, with OB representing the permanent set due to the maximum 
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stress represented by A. Upon reloading, the portion BC of the curve is 
traced, which does not coincide with AB, thus forming a hysteresis loop. 
When the stress is increased beyond that represented by both A and c, 
the part CD of stress strain curve results, which is more of a continua-
tion of OA than of BC. This ~ualitative behavior is true at all stress 
levels. 
It can therefore be seen that sand is a non-linear, plastic-
elastic material, which behaves differently from the ordinary linearly 
elastic material, such as steel. This is not surprising, because, as 
mentioned before, soil is a granular three-phase system, whereas steel 
is a continuum when examined at a scale of the grain size of the soil. 
Another important point of difference between the behavior of soil and 
t hat of a continuum is that under pure shear a soil dilates at small 
strains (positively or negatively) [7], whereas steel deforms without 
any volume change for small strains. 
It is, therefore, not to be expected that the concepts of con-
tinuum mechanics can be applied without modification to soils, and it 
is important to examine the behavior of soil at the grain level. 
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CHAPTER II 
REVIEW OF OTHER INVESTIGATIONS 
AND SCOPE OF PRESENT WORK 
A rather extensive survey of the literature on the mechanics of 
granular materials can be found in the book by Scott [4] and the thesis 
of Bell [8], and need only be summarized here. 
Most of the research done in soil mechanics has been concerned 
with the failure state of the material, such as the work of Kjellman [9], 
Bishop and Eldin [10 ] and Kirkpatrick [11]. These investigators were 
interested in the failure envelope for soils. Only in a few cases was 
the pre-yield behavior the main object of the investigations. Chaplin 
[ 12 ] for example considered the compressibility of sand. He, and most 
other workers, used the triaxial apparatus for their experimental in-
vestigations and it is, therefore, necessary to discuss briefly the 
advantages and disadvantages of this apparatus. 
In the triaxial apparatus, the sample is subjected to a stress 
system with radial symmetry. It is therefore not possible to study the 
sample under a general stress state with all three principal stresses 
different. The vertical load is applied through rigid caps on the top 
and bottom of the specimen. Due to the tendency of the soil to undergo 
radial deformations, shear stresses develop at the ends where the sampl e 
is restrained, thus producing a stress inhomogeneity in the sample. The 
actual stress state has been analyzed by Haythornthwaite [13] and Balla 
[14]. Attempts have been made to lubricate the end plates in the tri-
- lO -
axial tests (Rowe and Barden [40]J Lee and Seed [4l]J and Bishop and 
Green [42])J but it was found ([40]J [4l]) that the behavior of the soil 
was not appreciably affected by the removal of end restraints on samples 
of the standard size of 4 in. diameter and 8 in. height . The effect of 
the geometry of the sample was also investigated by testing shorter 
samples and it was then found that lubrication of the end plates pro-
duced results different from those obtained with standard end plates. 
The results of those investigations only show thatJ whereas the effect 
of end friction may be ~uite smallJ the dependence of the measured re-
sponse of the soil sample on its geometry is an indication that the tri-
axial test is not a good one. This dependence can be explained by the 
presence of the rigid end plates. Any initial inhomogeneity in the soil 
sample favors the development of failure planes when the sample is 
sheared. Because of the presence of the rigid end platesJ the stress 
conditions become inhomogeneous and the soil will deform more along the 
failure planes; whereas if a flexible boundary is presentJ it will de-
flect in such a way as to maintain the stress homogeneity and in-
hibit the propagation of these planes. Under an inhomogeneous stress 
system, different elements will contribute differently to the overall 
behavior or the sample. This argument is supported by the observation 
of failure planes and bulging in the soil sample, indicating a non-
uniform deformation of the sample. This point will be taken up again 
in Chapter VII. 
The measurements taken in a test using the triaxial apparatus 
are then not a true representation of the properties of soil but are 
influenced by the apparatus itself and the geometry of the sample . 
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Despite these handicaps, the apparatus is still widely used, mainly be-
cause a better test is generally not available. Although other pieces 
of soil testing equipment have been built, such as the simple shear box 
of Roscoe [15] and the hollow cylindrical sample of Kirkpatrick [11], 
they have not been developed as much as the triaxial apparatus. Bell 
[8] built a three-dimensional compression apparatus which is capable of 
applying any combination of principal stresses to a rectangular plate 
sample. Since Bell's work is very close to what will be described in 
this thesis, it is worthwhile to examine his apparatus and discuss his 
findings . 
First of all, his test specimen was contained in a rubber bag 
which had the shape of a rectangular plate, and was placed in a test 
frame. A rubber bag (pressure cell) was laid on each of the four sides 
of the sample bag and touching it, and another flat rubber bag was put 
under the sample bag. These bags were filled with water which could be 
subjected to pressure. On the top of the sample bag was placed a rigid 
lucite plate. Each pair of the pressure cells could apply a principal 
stress to the sample, while the base cell applied the third principal 
stress . By varying the pressures in these cells, the sample could be 
studied under different stress conditions. The stress increments in the 
three principal stresses were applied in succession and the deformations 
in the sample were measured by the amount of water coming out or going 
into the pressure cells. Bell claimed that a homogeneous stress state 
was attained in the test specimenj however, it is the author' s opinion 
that, since the base cell only covered about 60% of the bottom area of 
t he sample bag, the stress state inside the sampl e was not homogeneous. 
- ~ -
The base cell was made smaller because a 10% strain was anticipated, 
with t he hope of achieving an average homogeneous stress state, whereas 
only a maximum strain of 2% occurred. 
The sample was completely sealed in the sample bag except for 
a hole at each of the corners. Prior totesting,through one of these 
holes , the bag was filled with sand with the bag turned into an upright 
position and rotated through 45° in its own plane. Bell only tested 
dense samples of standard Ottawa sand (e = 0.53), because he could pre-
pare samples only at the dense state by his method in which the sample 
was vibrated during preparation. 
Although he could carry out hydrostatic compression tests in 
thi s apparatus, for that purpose he also built a spherical compression 
apparatus, consisting of a cylindrical sample bag provided with drainage 
lines at the ends. The hydrostatic pressure was applied through water 
in a chamber akin to that of the conventional triaxial apparatus. Evi-
dently this is much easier to operate than the three-dimensional compres-
sion apparatus. 
In these hydrostatic tests, Ottawa sand was used and it was 
prepared at different densities. To obtain the true volumetric changes 
in the sample, Bell had to apply a correction for the penetration of the 
rubber membrane into the spaces between the sand grains on the surface 
of the sample. The piece of rubber membrane used in obtaining this 
correction was thicker (0.051 in.) than the sample bag (0.032 in.), and 
he argued that, since an average grain diameter was 0.024 in., this 
discrepancy was not important. He observed tha t with suitable experi-
mental precautions, the deformation of sand under hydrostatic stress was 
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almost completely elastic, but non-linear. The fact of elasticity being 
observed might not be affected by the discrepancy in membrane thickness 
noted above, but in the opinion of the author the magnitudes of the ac-
tual corrected deformations may have been affected, since the magnitude 
of the corrections was the same as that of the actual deformations. 
There were two main kinds of shearing tests performed apart 
from the hydrostatic tests; the first was one in which the stress point 
was confined to the octahedral plane and moved radially outward from 
the hydrostatic axis, Fig. (II.l). This was called a radial compression 
test. The second was one in which the stress point, also confined to 
the octahedral plane, moved in a circular path with center at the hydro-
static axis, and this test was called a circular compression test. In 
some of the radial compression tests, the sample was not stressed to 
yield (failure). Yield was defined by Bell to be the condition that at 
least one of the material coefficients relating stress increments and 
strain increments becomes zero. Upon unloading in these tests, elastic 
recovery in the principal strains was found to be between 15-20%, and 
the volumetric strain due to shearing was 40% elastic. With the dense 
samples tested, an initial contraction in sample volume and then an ex-
pansion were observed on the sample when being sheared under radial 
compression, as in the conventional triaxial tests on dense sand. 
In the circular compression tests, starting from a deviatoric 
stress state below yield midway between the triaxial compression stress 
state and the triaxial extension stress state, Bell found that a move-
ment of the stress point toward the triaxial extension stress state led 
toward yield (associated with volume expansion and increasing shear 
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strain), whereas a movement of the stress point toward the triaxial com-
pression stress state led toward increased "stability" (volume contrac-
tion and decreasing shear strain). 
He also performed experiments in which the sample was carried 
to yield in radial compression. For a dense sample under different 
radial paths, yield was reached at an axial strain of 2-3%, radial 
strain of 1!-2!% and volumetric strain of !-1%, with the equivalent 
Coulomb friction angle ~ = 38° for triaxial compression and ~ = 52° for 
triaxial extension. The yield (failure) envelope obtained by Bell is 
shown plotted on the octahedral plane in Fig. (II.2), where the Mohr-
Coulomb envelope was also shown. On the basis of standard triaxial 
compression tests on the same soil (~3 8 psi), the peak point friction 
angle was 37.5° at 4% axial strain and 2% volumetric strain. 
Bell also formulated stress-strain relationships in terms of the 
mo dified stress and strain invariant functions that he developed. He 
expressed them in incremental forms and gave numerical values to the 
coefficients. However it is the opinion of the author that, although 
the functional forms of these relationships may be correct, the numerical 
values are not necessarily correct for the following reasons: 
(i) The apparatus defects mentioned earlier. 
(ii) Stratification in the sample produced by the method of 
preparation could affect the results of the tests. 
(iii) Since it was found that stress-strain behavior of sand 
was non-linear and largely plastic, the fact that stress 
increments were applied sequentially meant that if these 
increments had been applied in a different order, the 
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results might have been different. However if we consider 
that t he increments are small enough so that a fairly 
smooth stress path is traced in the principal stress 
space, thi s point might not be very important. 
(iv) Since only one type of soil at one density was tested, 
it is not known whether results were general for other 
soils, and if they were, whether the coefficients in the 
expressions would vary from soil to soil. 
In short, Bell 1 s approach to the problem of mechanics of granu-
lar materials was an empirical one, as is the author 1 s 1 dictated by the 
necessity of obtaining information on the qualitative soil behavior, 
and without attempting an explanation of the behavior of the particles 
at the grain level. His method of curve fitting made it necessary to 
perform a series of tests on each type of soil in order to extract t he 
necessary coefficients to completely describe the soil behavior. Al-
though he had an adequate apparatus at his disposal, except for the 
base cell which can be redesigned, the difficulty of sample preparation 
and the amount of time required for a single test precluded his obtain-
ing a general qualitative view of soil behavior under various condi-
tions of loading. 
In spite of t he above comments on Bell 1 s work, it must be 
pointed out that his idea of testing samples three-dimensionally using 
rubber bags was a good one, and some of his tests (e. g ., the circular 
compression tests) were new. It is felt that, with some improvements, 
his apparatus could be used more conveniently. In this investigation, 
Bell 1 s idea of testing soil is pursued further by developing a new soil 
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test box which operates on the same principle as Bell's apparatus. 
(2) Scope o~ Present Work 
The author ~eels that the stress-de~ormation characteristics o~ 
granular soils have not been systematically investigated. Although in 
some cases stress-strain relationships have been proposed, ([12], [16], 
[17]) they were mostly ~ormulated ~or mathematical convenience and do 
not necessarily represent the true behavior o~ soils. 
It is desirable to examine the interaction o~ particles at the 
grain level and i~, ~rom such considerations, stress-de~ormation rela-
tionships can be ~ormulated, to compare them with experimental observa-
tions. However, since little work has been done with this object in 
mind, there is a scarcity o~ i~ormation on which to base our intuition . 
It is the purpose o~ this research to study the behavior o~ a granular 
medium, sand in particular, by specially designed experiments and then, 
a~ter extracting the characteristics o~ its behavior, to explain them 
from a particulate point o~ view. In order to obtain meaning~ul experi-
mental results, it was ~ound necessary to design a new apparatus and 
this has been ~ound to be use~ul in studying soil behavior. The design 
and construction o~ such an apparatus constitutes a substantial part o~ 
the research described in this thesis. 
It is pertinent at this point to indicate how the work described 
in this thesis will ~it into the general picture o~ the mechanics o~ 
materials. The ultimate aim in research o~ this kind is the ~ormula­
tion o~ valid constitutive relations that describe the behavior of 
granular matters in general, which can be used to solve practical prob-
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lems. The first step towards the formulation of these relations is to 
understand the qualitative behaviors of one material under simple load-
ings. Then a different granular material should be studied to see what 
influence different factors (such as density, grain size distribution 
and shape of grains) may have in the qualitative behaviors. After de-
termining such influence, we may proceed to propose a continuum that 
behaves in a similar manner as a granular material, incorporatior. into 
it the various factors described above. These factors will appear in 
the coefficients in the constitutive equations, the formulation of which 
may require results from tests invol ving complicated stress paths. 
Since we are dealing with a non-linear elastic-plastic material, it can 
be easily seen that such methods as indicated above are really necessary. 
The work described in this thesis is just the first step towards the 
systematic study of the mechanics of granular materials. 
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(1) Introduction 
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CHAPI'ER III 
THEORETICAL CONSIDERATIONS 
It has been mentioned that most work in soil mechanics is em-
pirical, and that very seldom explanation of the soil's behavior from a 
particulate point of view has been attempted. Some consideration has 
been devoted to the analysis of regular packings of spheres and rods as 
models of sandj a review of these works which are mainly concerned with 
the elastic behavior of the packings is given by Deresiewicz [18]. The 
results of these analyses were sometimes checked by experiments with the 
triaxial apparatus [19,20], and, because of the limitations of the ap-
paratus, it is not apparent that the analytical results were actually 
borne out by experiments. The yield or sliding behavior of regular 
packings was studied by Dantu [21], Rennie [22], Scott [4], and Parkin 
[ 23]. Rowe [24,25] analyzed a few regular packings of rods and spheres 
under shear stress and from the results drew conclusions about the be-
havior of a random assembly of granular material. His work has been 
critically examined [26,27]. 
A statistical approach to the problem of surface subsidence due 
to an underground excavation was used by Litwiniszyn [28] and Sweet and 
Bogdanoff [ 29]. This statistical approach to the study of a stress-
strain relationship of sand is more realistic than one based on the 
consideration of regular packings, since sand is a random assemblage of 
granular particles. 
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In this research, it is proposed to study the behavior of sand 
under two types of stress state. One is the hydrostatic stress state 
and the other is a deviatoric stress state. By separating the actual 
stress state into these two systems, as is usually done ~ classical 
linear elasticity, we hope to investigate the degree of coupling between 
the deformations caused by these stress systems. 
In considering the compression of sand by a hydrostatic stress, 
we can base our analysis on the results of Bell and also on some pre-
liminary tests which were carried out to check on Bell's conclusion 
about the elasticity of sand under hydrostatic stress. These also 
showed that the deformation was almost completely elastic. However, 
when we come to consider the deviatoric stress effects, it is felt 
that, since this situation is very complicated, Bell's findings regard-
ing the qualitative behavior cannot give sufficient information to help 
our intuition, and that it is necessary to first carry out some experi-
ments especially designed to extract the characteristic behavior of the 
mat erial. 
(2 ) Model for Sand under Hydrostatic Compression 
Based on Bell's findings [8] that sand under hydrostatic stress 
under goe s a volumetric strain which is largely reversible, an idealized 
s t ress-strain relationship for sand under hydrostatic stress is de-
ve loped in the following, in which individual grains deform and rebound 
without permanent deformation and without slippage and rotation. The 
behavior is assumed to be perfectly elastic. 
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Let us, first of all, analyze the behavior of regular arrays 
of equal spheres. It has been found [18] that such spheres can be ar-
ranged in the face-centered cubic array or in the tetrahedral array to 
give the densest possible packing. On the other hand, to give the least 
dense and yet stable packing, the spheres must be arranged in the simple 
cubic array. Both the densest (e.g., the face-centered cubic array) and 
the least dense packing will be examined. 
A unit element of a regular array is such that when unit elements 
are put together they will form the regular array without addition or 
subtraction of spheres or parts of them, and without rotation of the 
elements. A unit element of the simple cubic array and one of the face-
centered cubic array are shown in Fig. (III.l). 
Under hydrostatic stress, the forces developed between the 
spheres in these regular packings are purely normal forces. (A stress 
history involving shear forces is excluded). It is assumed that, in any 
random assembly of particles of more or less spherical shape with non-
uniform particle sizes, the intergranular forces developed under hydro-
static stress are also purely normal. (If the grains a re angular, the 
following development has to be modified. This will be discussed in 
Chapter VII.) This may be essentially true after the granular medium 
has been subject to a few cycles of loading and unloading with a hydro-
static stress, since this gives the potentially slipping grains a chance 
to s lip and attain more stable positions. Then, based on Bell 1 s experi-
mental results, which show that the volumetric strains are largely re-
versible, we can assume that the tangential forces acting between 
grains are small, because tangential forces would produce irrevers~ble 
deformations [30]. 
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Turning our attention to sand as one particular kind of granu-
lar medium, it is observed [31] that the void ratio of a natural deposit 
of sand lies between 0 .43 and 0 .85 and is within the limits of those 
values representing the densest and the least dense regular packings, 
as given in Fig. (III.l). According to Smith, Foote and Busang [32], 
an assembly of randomly packed spherical particles may be regarded as 
an arrangement of separate clusters of face-centered cubic and simple 
cubic arrays, each present in a proportion to yield the observed porosity 
of the assembly. Thus if x is the volumetric fraction of face-centered 
cubic grains, and (1 - x) that of simple cubic grains, then 
~.c.c. + (l - x) ns.c. (III.l) 
where n =porosity. 
This assumption may be an oversimplification, but has the merit 
of leading to a statistical estimate which is otherwise impossible. 
Some investigators [19,20 ] have tried to predict the compressi-
bility of a porous granul ar medium by using Hertz's contact theory [1], 
which gives the volumetric s train as a two-thirds power function of the 
hydrostatic stress . However, Bell's results show that for sand such a 
relationship did not hold. The soil becomes stiffer more rapidly than 
predicted by a two-thirds power law. 
If we postulate that, in addition to the Hertzian compression at 
existing contact points, successively more contacts are made during a 
gradual increase in external hydrostatic stress, a model for the be-
havior of sand can be developed. In t his model initially gaps exist 
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between some grains. These gaps represent potential contacts with are 
made as the gaps are closed by increasing pressures. The distribution 
of gap sizes will be discussed later. The compressional characteristics 
of this "holey" model will be obtained first by considering the two reg-
ular arrays discussed above and then approximating the behavior of the 
sand by the same reasoning as that behind Eq. (III.l). 
The Hertz contact theory will be considered to apply at each 
contact. According to Hertz [l], the centers of two perfect spheres 
in contact under a normal force N will approach one another by an amount 
ex given by 
ex [ 
w Nl2 /3 
2 ~ J (III .2) 
where R radius of spheres, 
w 
3 (l-v2 ) 
4 E ' 
v Poisson 1 s ratio of the material, 
and E Young 1 s modulus of elasticity of the material. 
When N increases to N + dN, the relative approach becomes 
a + da ~ 2 [ w{:.r'lN)r3 . (III.3) 
da 2 ( ;I r3 [ {N+dN)2 /3 _ JJ'/3] 
2 [ :s r [ {1 + "rfl/3 _ 1 J 
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The last equation is not valid when N is initially zero. In 
that case 
(III.5) 
To represent the holey model in the case of the simple cubic 
array, we make some of the spheres of the unit element a little smaller 
than the rest, so that at zero external stress these smaller spheres are 
not touching each other or the larger spheres. The gaps between these 
two sets of spheres will be closed under an arbitrary pressure pi. How-
ever, if we take the simple cubic element in Fig. (III.l) and make some 
of the spheres smaller than the rest, an unstable unit will result and 
it is therefore necessary to consider a larger element, such as the one 
shown in Fig. (III.2a). 
In Fig. (III.2a), the unshaded spheres are smaller and they do 
not carry any force at an external pressure p ~pi. The force-carrying 
structure in the element is then composed of the shaded spheres. Note 
that although the smaller spheres are not a part of the force-carrying 
structure, they do contribute to the measurement of the void ratio. 
Let the forces between the shaded spheres beN~ for p ~pi. As the ex-
t ernal stress increases beyond pi, all spheres including the unshaded 
(small er) spheres will carry force. Let N2 be the force between a 
shaded and an unshaded sphere, which is the same as the force between 
two unshaded spheres. 
Corresponding to an increase dp in the external pressure p, 
these forces, N~ and N2, change by an amount ~N~ and dN2 respectively. 
Equilibrium requires 
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dN~ + 3 dN2 = l6 R2 dp • 
The compressibility of the holey model is gi ven by 
~ V 3(l6 wp) 2/ 3 • 
v 
(III. 6 ) 
Assuming that the sand grains are the same material as silicon 
glass , then materials properties can. be assumed to be [ 33] 
E lOX l 06 psi, 
and v O.l7. 
From these value s we can calculate w as 
and 
For p < pi, 
w = ~ 
~v 
v 
3 X l 62/3 X O.l74 X l0-4 p2/3 
3 . 32 X l 0-4 p2 / 3 . 
( III. 7) 
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When the gaps in a unit element are closed by pi' we require each unit 
cube to remain a cube as the pressure increases, so that they can still 
be put together to form an assembly. This means that da1 and dQ2, the 
relative approaches caused by the incremental forces dN1 and dN2 re-
spectively, must be equal. 
Initially, N2 = 0. 
d0:1 = "" [ wN~r3 
3 R2 
dN1 [ 1 - ~ dN1 l 
N1 6 N1 } (III.8) 
(to first approximation) 
and dQ2 [~2r3 2 7 . (III. 9) 
d0:1 = dQ2 then gives 
dN2 = [ :c dN1 (1 _ eo dN1) t 2 3 N1 6 N1 • (III.lO) 
For N2 f 0, instead of Eq. (III.9) we have 
(III.ll) 
da, we can solve Eqs. (III.8) and (III.ll) for dN1 and 
dN1 
3[ 1 1 -
da<Rl/3 l 
N1 2 (wN1)273 • 
(III.12) 
dN2 
3 [ 1 - da<Rl/3 ] N2 1- 2(wN2)273 • (III.l3) 
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For the numerical calculations, in the first step an increment 
dN1 is made and da1 calculated from Eq. (III.8). Then dp is obtained 
from Eq. (III.6) with dN2 = 0. After the first step, an increment da 
is made and dN1 and dN2 are calculated from Eqs. (III.l2 ) and (III.l3), 
and dp obtained from Eq. (III.6)j knowing a, the volumetric strain ~VV 
can be calculated as a function of p. 
Hence, given a simple cubic holey element with a certain given 
~v gap width with the corresponding closing pressure pi' a -y- ~ p curve 
can be obtained for all values of p. 
For the face-centered cubic array, the holey structure is shown 
in Fig. (III. 2b ). The governing equations are essentially the same, 
except that Eq. (III.6) becomes 
4 dN1 4 dN2 
--- + ---
/2 {2 
8~dp , 
or, 2 12 ~dp • (III.6a) 
Also for the holey model before closure of the gaps, 
(III. 7a) 
~v A -y- ~ p curve can be worked out as for the simple cubic holey element 
for any pi. 
A Fortran program has been written to solve t his problem numer-
ically on the IBM 7090 electronic computer. ~v Curves of -y- - p have been 
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obtained for both types of regular packings for pi = 2, 4, 8, 12, 20, 
30, 45 and 60 psi are shown in Figs. (III.3) and (III.4). 
In Eq. (III.2), R is the radius of curvature at the point of 
contact . Actual sand grains are not perfect spheres and on their sur-
faces they have small bulges which have a smaller radius of curvature r, 
although the overall diameter of the grain is 2R. By sprinkling Ottawa 
sand (-20 + 40 sieve sizes), which is the same soil as used in later ex-
periments in this investigation, on a flat surface and observing through 
a microscope their radii of curvature of the grains at the points of 
contact, it was found that the average value of a = r/R was about 1/3 . 
This will change Eq. (III. 2) to 
(III. 2a ) 
Hence ~v all the subsequent equations for a and for -y- shoul d have an 
extra factor of (3 )l/3 in them. The curves in Figs. (III. 3 ) and (III.4) 
all have this factor incorporated. This value of a would be different 
for another soil. 
It is now necessary to consider the distribution of gap widths 
in a rea l granular assembly. It must be remembered that the gaps con-
s i dered are only those which will close at hydrostatic stresses up to a 
certain maximum pressure (e. g ., 100 psi). There may be gaps between 
adjacent grains which will not be closed under laboratory pressures, 
because the compressional deformations are very small and deformations 
due to slippage of grains are supposed to be non-existent. The maximum 
pressure is chosen as being a reasonable practical value low enough for 
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no grain fracturing to occur during an experiment. 
We expect that these gaps which are potential contacts decrease 
in number as the pressure under which they may close increases. Another 
way of looking at this is to consider a succession of models beginning 
with one in which all the spheres are originally of equal sizes. Any 
deviation in the sizes of some spheres from this uniform size will give 
rise to a certain gap distribution. By the same reason also, we expect 
the peak of the gap size distribution at a very low pressure to be at 
zero gap width (i.e., contact). 
Since a gap width and the pressure to close it are related by 
Eq. (111.2), we can speak of the distribution of number of gaps, Na' 
with respect to pressure, p, or rather to p2/3. Let us consider a 
normal distribution with respect to p2/3, Fig. (111.5a). At p2 /3 3s, 
where s = standard deviation of the normal curve, the ordinate of the 
curve is only l% of its peak, and the area enclosed between p2 / 3 = + 3s 
is 99.74% of the total area. Let us therefore assume that at p2/3 3s 
all the potential gaps have been closed and normalize the area under 
the curve from p2 /3 = 0 to p2 /3 = 3s to be unity. An arbitrary pressure 
p is assigned to 3s, and we can then mark off abscissae along the p2/3 
m 
scale at each lO% increment, say, of the total area under the curve, 
Fig. (I11.5b). Assuming that the gaps of all sizes are uniformly dis-
tributed throughout the mass of sand, then each lO% of the sand will 
have its gap closing pressure pi at the value of p where 5%, l5% etc. 
of the total area occurs. Hence by summing up the behavior of all l O 
portions, we will have the total overall behavior of an assembly of 
unit e lements having different gap-closing pressures. 
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Such summation procedures have been carried out for both the 
face-centered cubic and the simple cubic packings, using a normal dis-
tribution of gap width as well as a triangular one,Fig. (III.5c, 5d). 
l:l.V The resulting -y- ~ p curves are shown in Figs. (III.6) and (111.7). 
It is seen that the two types of distribution employed do not give 
/::,.V 
widely different curves for -y- ~ p, indicating that the compressional 
behavior of such an assemblage is not very sensitive to the gap dis-
tribution. It is also seen that for p = 60 psi and for p = 100 psi, 
m m 
the curves lie fairly close to one another. 
To obtain the compressional behavior of a granular medium with 
a porosity n, we again apply the approximation suggested by Smith, et al •• 
[27 ], thus obtaining 
( l:l.V V) assembly x(t::,.vVlF.C.C. + (l- x) !t::,.vVls.c. ' (III.l4) 
where x has the same meaning as in Fig. (III.l). 
In the laboratory, it was found necessary to base volumetric 
readings on the volume at a certain non-zero datum pressure, because of 
the uncertainty involved in obtaining the correction curves for membrane 
penetration and wall bulging effects. (These will be discussed in Chap-
ter v.) An arbitrary value of 4 psi has been chosen. The theoretical 
curves shown in Figs . (III. 6 ) and (III.7) are reduced to the same zero 
volumetric change value at 4 psi and are shown in Fig. (III.8), where 
the compressibility curve for a random assembly with e = 0.53 as calcu-
lated from Eq. (III.l4), is also shown. This value of void ratio is 
that of a medium dense sand tested in the experimental investigation to 
be described later. 
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(3) Behavior of Sand under Shear 
Mindlin [30] showed that, for two equal spheres compressed by a 
normal force N and a non-zero tangential force T, there was an elliptical 
annulus on the area of contact which would undergo "slipping," while no 
slipping occurred between the two spheres in the area within this annu-
lus. This annulus increased in area as T increased until T/N = ~ 
coefficient of solid friction, when the two spheres "slid" past each 
other. When a force T < ~ N was decreased, slipping in the opposite 
direction occurred until at zero external force T there was a residual 
self-equilibrating system of tangential stress on the region of contact. 
The shear force-shear displacement (T - o) relationship can be represented 
as in Fig. (111. 9). A hysteresis loop resulted from the loading and un-
loading of the tangential force. Here, "slip" and "slide" have special 
meanings; slipping can occur on a small scale on only part of the area of 
contact of the two spheres, while if sliding takes place between them the 
whole area of contact slips. 
The amount of work supplied by shear force T is represented by 
the area under the curve OA~. Part of this work is dissipated by the 
friction force over the annulus where slipping occur and the rest i s 
stored as elastic shear strain energy in the grains. When T is removed, 
the elastic shear strain energy is recovered and is represented by the 
area under the curve A~B~. Hence the portion of work input which is 
dissipated is represented by the loop 0 A~B~. Since the T - 5 relation 
is non-linear, the ratio of work dissipated by friction to work stored 
a s shear strain energy increases with the maximum value of T reached. 
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Duffy and Mindlin [34] showed that the stress-strain relations 
of a regular array of spheres must be expressed in incremental forms to 
account for the non-linear and inelastic effects of the tangential 
forces and twisting moments acting at the contacts of spheres when the 
array is subject to a shear stress . These relations comprise a system 
of simultaneous, non-linear, integra-differential equations. A solution 
of this system was obtained by Thurston and Deresiewicz [35], for a 
stress path in which the tangential and normal forces at the contacts 
increased proportionately. The same problem for a simple cubic array 
was analyzed by Deresiewicz [36], and he suggested that the approxima-
tion proposed by Smith, Foote and Busang [32] might be applied to a real 
random granular medium . Although such an approximation may be applicable 
for the case where the material is under a purely hydrostatic stress, as 
discussed in Section (2) of this chapter, the situation under a devia-
toric stress is much more complicated, because here, if we still use the 
approximation of Smith, et al., the orientation of the packings with re-
spect to the principal axes of the applied stress is also important [26]. 
This means that the system of non-linear differential equations has to 
be solved for each orientation of the packing, and how this orientation 
i s distributed spatially is not known. The mathematics would become 
exceedingly complicated and look almost impossible. For this reason, 
the analysis of regular packings has not produced results that describe 
t he behavior of real soils satisfactorily. 
In a random assembly of grains of all sizes, as in sand, .the 
f a ctors which affect the shearing behavior of the assembly are, among 
othe rs, the distribution of contacts and of angles of inclination of 
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these contacts. Beginning from a state of hydrostatic stress repre-
sented by the stress point on the hydrostatic axis, and following the 
stress path that moves radially outwards from the centroid of the acta-
hedral plane, we can visualize tangential forces being developed at the 
grain contacts, as in the case of a regular packing. These tangential 
forces produce first slipping and later sliding and hence largely ir-
reversible displacements, whenever the ratio of tangential force, T, to 
normal force, N, is equal to the coefficient of friction, ~' of the rna-
terial of which the grains are made of; i.e., when the condition 
T/N = ~ (III.l5) 
is reached. 
For the assembly under a given shear stress, which contact will 
slide depends partly on its contact angle. However, although two grains 
have their contact force at an inclination to the normal plane through 
-~ the contact greater than the angle of friction, ~ = tan ~' they are 
~ 
surrounded by other grains and are hence prevented from undergoing any 
major movement, except a slight slide which brings about a force re-
distribution in the neighborhood of this contact. This may stabilize 
the contact but may bring another one into the critical condition, Eq. 
(111.15 ), which will in turn slide and cause another force distribution 
whereby the first contact may become unstable again. This process goes 
on until equilibrium is attained everywhere and the condition T/N ~ ~ i s 
satisfied at each contact. The disturbance at the grain l evel is propa-
gated to the boundaries of the mass and we notice irreversible (not elas-
tic) deformations on the boundaries. It i s readily seen that this fo~ce 
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redistribution and propagation process is time-dependent and hence the 
deformations at the boundaries are also time-dependent, even when real 
diffusion or relaxation effects are absent. 
In general, the work done on the boundaries by an increment of 
applied shear stress can be decomposed into three parts. The first 
part is stored as elastic strain energy in the grains, causing elastic 
deformations. The second part is dissipated by slipping of the grains; 
this occurs at all the grain contacts. The third part is dissipated by 
the grains sliding at contacts where T = ~ N; this occurs at certain 
contacts. The deformations observed on the boundaries are combinations 
of the elastic deformation and deformation due to slipping and sliding 
of the grains. When the shear stress on the mass is removed, the stored 
elastic strain energy is released, causing elastic rebounds at the 
boundaries. Counter-slip also occurs on all the contacts, which also 
contributes to the deformations observed on the boundaries during un-
loading. Presumably, the unloading may also cause another grain re-
arrangement by sliding, with a consequent force redistribution. 
Should the load be applied again along the same stress path as 
before and up to the same stress level, another series of grain rear-
rangements and force redistributions may occur, while at the same time 
e lastic strain energy is being stored in the grains. Both the plastic 
deformations due to grain slipping and sliding and the elastic strain 
energy stored may be different from those occurring on first loading. 
Hence, when the shear stress is taken beyond the level attained at the 
first loading, the deformations (plastic and elastic) may be different 
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from those obtained if there has not been an unloading cycle at a lower 
stress level. In other words, the stress history is important in the 
stress-deformation behavior of the soil. 
For a second increment of shear stress in the first cycle of 
loading equal in magnitude to the first one, the grains undergo some 
more elastic deformation and therefore store up elastic energy as be-
fore. More contacts are brought into the critical condition and slide. 
It must be noted that for each increment of the octahedral shear stress, 
there is a plastic deformation. Hence the material as a whole can be 
considered to "yield" from the initiation of shearing stresses, where 
the term "yield" has the usual meaning of classical plasticity theory. 
By this reasoning there is no point distinguishable on the shear stress-
deformation curve of sand, above which the material is said to have 
"yielded." Yielding occurs at all shear stress levels. 
However, if we consider the amount of elastic strain energy 
stored in the grains, we see that this will increase as the shear stress 
increases, while the plastic deformation also increases. For a stress 
path, Fig. (III.lOa) in which the shear stress is always increasing, we 
can plot the stress, ~OCT' against one of the principal deformations, u~, 
Fig. (III.lOb). Here u~ is the total deformation corresponding to the 
ma jor principal stress ~~, after the grain rearrangement and force re-
di s tribution process has stopped. This relationship between stress and 
deformation is non-linear with the deformation increasing more rapidly 
than the stress. There is a point, F, on this curve, where the t otal 
elastic strain energy stored in the mass reaches a maximum. Any addi-
tional energy input at the boundaries caused by another increment of 
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shear stress has then to be dissipated compl etely by sl iding of the 
grains. The subsequent grain rearrangement releases some of the pre-
viously stored energy which is dissipated by further grain sliding. 
Hence on the stress-deformation curve, we may notice an increase in the 
rate of deformation with respect to stress. However, the point F at 
which this increase occurs may be difficult to distinguish in an experi-
ment in which the stresses are varied cont inuously . But when the 
stresses are varied step-wise, a di scontinuity may be noticeable depend-
ing upon the size of the stress increment. 
The amount of elastic strain energy stored in the grains depends, 
for the same stress level, on the stat e of packing of the medium, whether 
dense or loose. A densely packed medium can store a larger amount of 
maximum strain energy than one which is l oosely packed. Hence when the 
stress is increased after the energy has reached a maximum at F, more 
energy will be released in a dense medium than in a loose one. We ex-
pect to find a larger deformation due to this release and the accompany-
ing slipping for a dense medium, and, therefore, the discontinuity of 
the stress-deformat ion curve is pronounced. For a very loose soil, it 
may not be noticeable at all on the experimental curve. 
We have therefore seen that "yield" actually occurs in the medium 
at all levels of shear stress, whereas at a certain point along the 
stress path, there is a change in the rate of displacement due to the 
release of strain energy. This point represented by F in Fig. (III.lO) 
is here called the "failure" point . There is considerable grain move-
ment at failure, and the grain structure may undergo a major adjustment. 
Since the stress-deformation relation is influenced directly by the grain 
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structure, we expect it to be different after failure. After failure, 
most of the energy input as well as some of the released energy is 
dissipated by grains sliding and the medium can be considered to be 
completely plastic. 
The initial yielding at small stresses produces a preferred di-
rection for the grains to orient themselves. Even if we start with an 
isotropic material, it will become anisotropic when sheared, as observed 
by Bell [8]. However, the degree of anisotropy is related to the stress 
history. Hence, if we only study the behavior of initially isotropic 
material being sheared from a hydrostatic state of stress, we need only 
keep track of the stress history. 
Dilation (positive or negative) in soil when sheared is a well-
known phenomenon. It has been observed on soils tested in all kinds of 
apparatus. Although in the conventional triaxial compression test the 
mean stress increases, which always causes initial volumetric compres-
sion of the soil, it is felt that eventual dilation is not caused by 
characteristics of the apparatus and would occur even if the soil is 
sheared under constant hydrostatic stress. 
This intrinsic property of soil can be explained from the par-
ticulate point of view. When a granular medium is subj e cted to pure 
shear, tangential forces develop at the contacts of the grains which 
will slip over one another, and there will be observed a net volume 
change in the medium. While the grains slide in such a way as to make 
more contacts in one direction than the other (producing subsequent 
an isot r opy), we can imagine that more contacts will now have their t an-
gential plane s perpendicular to the major p r incipa l stress and less 
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contacts with tangential planes perpendicular to the minor principal 
stress. This is, in general, necessary to provide equilibrium although 
the presence of tangential forces at the contacts produces complications. 
Further shearing is produced by an increase in the major principal stress 
and a decrease by the same amount in the minor principal stress (in a 
two dimensional situation). Assuming, for the sake of argument, that 
external stresses are resisted by normal forces, the change (an in-
c r ease ) in these forces at the contacts perpendicular to the major 
principal stress will be smaller than that (a decrease) in those forces 
at the contacts perpendicular to the minor principal stress, because 
the former contacts are greater in number. However, the forces at the 
l atter contacts are decreasing, and since the normal force ~ normal dis-
placement r e lation is a non-linear one (Eq. (III.2)), the compression 
due to increase in the former forces is therefore l ess than the expan-
sion due to the decrease in the latte r forces, and as a result the net 
volume change of the medium will be an expansion. 
Hence it i s seen that the volume change in soil under pure shear 
is due to two factors. While the non-linearity in the force-displace-
ment relation at a single contact gives rise to an expansion, the effect 
of the grains slipping over one another can be either an expansion or a 
contraction, depending upon the initial density of medium. Which factor 
will dominate the dilational behavior depends on the density as well as 
the state of shear. Initially for a dense soil, bot h factors may produce 
an expansion, while for a loose soil, the grain sliding effect may domi-
nate , thus producing a compression. When the failure stat e is approached, 
a large proportion of t he grains will have been oriented in the preferred 
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direction, and it may be conceivable that in such an arrangement they 
are able to slide past one another without contributing noticeable volu-
metric effects. Therefore, at this state the dilation results only from 
the contribution of the non-linear effect, indicating that an expansion 
should always accompany the shearing near failure. This is in agreement 
with the mathematical analysis of Drucker and Prager [39], who found 
that a granular material has to expand while yielding. Presumably, 
when the deformations become very large (20% or more) the soil may 
reach a constant void ratio irrespective of the initial void ratio. 
This constant void ratio is called the critical void ratio of the soil. 
We have therefore seen that the shearing behavior of a granular 
medium is very complicated. It has been suggested by Scott that, to 
study such behavior, we can generate a random assembly of spherical 
particles by the method suggested by Vold [32]. We can next treat the 
structure of the grains subject to external loading as an indeterminate 
structure with a certain elastic properties attached to the grains. It 
is immediately seen that, in order to reduce the effects of the bound-
aries, we require a large number of grains and the degree of indetermin-
acy of the structure goes up quickly. Although electronic digital com-
puters have been used to solve plane stress problems by means of one-
dimensional elements with node points on a regular grid work, [38], the 
present problem is a three-dimensional one with random node points, 
which is very difficult to program for the computer. If this difficulty 
could be overcome, this approach is attractive in that it is applicable 
under all loading conditions. 
However we would like to examine various aspects of the quali ta-
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tive behavior described. Therefore it is here proposed to obtain more 
experimental results with the purpose of helping our intuition in formu-
lating stress-strain relationships for sand. The theory and purpose of 
the tests carried out in this investigation is now described . 
(4) Theory and Purpose of Experiments 
We separate a stress state into two components, the hydrostatic 
and the deviatoric states, and we propose to study the relations between 
the deformations caused by them. 
(i) aydrostatic Compression Test 
In this test, the three principal stresses are kept equal to 
each other. The stress path is represented in the principal stress 
space as shown in Fig. (III.ll). The hydrostatic stress, denoted by 
p (or ~OCT)' is equal to l//3times the distance of the stress point 
along the hydrostatic axis. In this test, the value of p is increased 
from zero at 0 to a maximum p at B, and then decreased to a datum pres-
m 
sure p at A. As many cycles of hydrostatic stress are applied as de-
o 
sired between p and p . 
o m 
The purpose of this test is to find out what proportion of the 
volumetric strain is elastic and the effects of repeated cycles of load-
ing a nd unloading, and to compare the compressibility curve with the 
theory in Section (2 ) of this chapter. 
(ii) Shear Tests in the Triaxial Plane 
The stress path here is either the triaxial extension c~~ = ~2 > 
~3 ) or the triaxial compression (~~ ~ ~2 = ~3) stress path. It can be 
readily represented in the triaxial plane. There are five tests in this 
- 41 -
category. In all tests, stresses are applied, removed and reapplied to 
examine the proportion of the soil's behavior which is elastic. 
(a) The stress path in this test, designated TCa for triaxial 
compression and TEa for triaxial extension, is shown in Fig. (III.l2). 
Starting at any initially hydrostatic stress state at A, the stresses 
are varied so that the stress point remains on the octahedral plane 
through A. The hydrostatic, or the mean, stress is therefore kept 
constant. As the stress point moves away from A, the value of ~OCT 
increases from zero. 
The purpose of this test is to determine the shear deformation 
when only the shear stress is varied while starting from an initially 
isotropic state and the only stress history consists of hydrostatic 
stresses. It is also used to determine the point at which the soil 
fails under the stress conditions stated. 
(b) This test has the stress path shown in Fig. (III.l3). The 
shear stress, ~OCT' is increased from zero at A to a certain value at B~, 
and is then returned to zero. The next step is from A to B~ again, and 
then increased further to B2 , after which it is returned to zero and so 
on. These cycles of loading, unloading, reloading to the previous maxi-
mum value, and then loading to another new maximum value, are carried 
out until the soil is believed to have passed the failure point as found 
in (a). (The TE stress path is shown only in Fig. (III.12) and not 
shown in subsequent figures.) 
This test, designated as TCb (TEb), is for determining what 
proportion of the shearing deformation is elastic, and, by comparing 
the total deformation obtained when the shear stress r eaches a new maxi-
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mum to that obtained in (a), to find out the effect of stress history 
on the stress-deformation relation of the soil. 
(c) The stress path for this test, shown in Fig. (III.l4), is 
the same as t hat in (b) , except that each time when the shear stress i s 
returned to zero value at A, a cycle of hydrostatic stress is applied 
along the hydrostatic axis from A to C and back to A. After this, the 
shear cycle begins again. 
This test, TCc (TEe), is to find out what is the effect of stress 
history on the hydrostatic compression of the soil. The compressional 
behavior of the soil under hydrostatic stress is determined by tests (i). 
(d) The stress path for this test, shown in Fig. (III.l5), con-
sists of shearing with constant hydrostatic stress from A to B~, an in-
crease in both ~OCT and ~OCT from B~ to C~, a return from C~ to B~, and 
then further shearing from B~ to B2. The portions of the path, B~C~, 
B2 C2 , etc ., pass through the origin 0 when produced. That means the 
~~ ~OCT 
stress ratios, -- or ---- , do not change along these portions of the 
~3 ~OCT 
stress path, but between B1 and B2 , or B2 and B3 , these ratios do change. 
From B~ to C~, B.2 to C2, etc., the magnitude of TOCT changes in propor-
tion to ~OcT· These cycles of loading and unloading with constant stress 
r a tios are carried out at each value of the stress ratios at B~, B2 , 
etc., until the soil is believed to have failed. 
The deformation in the soil when the stresses are changed from 
B~ t o C1 consists of two portions, one due to the change in the mean 
stress, 6 ~OCT' and the other due to the change in the shear stress, 
6 ~OCT' whereas there is no effect due to the stress ratios which are 
kept constant . If we could provide measurement for the volumetric strain 
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alone) we may determine how these two components are related. The un-
loading cycle from C~ to B~ is important in that it tells us whether 
the deformation due to 6 rrOCT is elastic or not. 
(e) The stress path employed in this test is shown in Fig. 
(III.l6). It consists of shearing at constant hydrostatic stress from 
A to B~, applying a hydrostatic stress on top of the existing shear 
stress from B~ to C~, removing thi s hydrostatic stress from C~ to B~, 
and then applying a further increment of shear from B~ to B2 . 
The portions of the path B~C~, B2 C2 , etc . are parallel to the 
hydrostatic axis, and hence the value of the shear stress, TOCT' does 
not change along these portions. But the hydrostatic stress, rrOCT' is 
TOCT increasing, therefore, ---- decreases. The deformation in the soil 
rrOCT 
then comprises of two portions, one due to 6 rrOCT and the other due to 
6( TOCT) . Therefore, this test shows us the effect of a hydrostatic 
~~ 
stress state superimposed on a shear stress state. The unloading por-
tions, C~B~, C2B2, etc., determine what portions of the deformations 
are elastic. 
Along a general shear stress path, shown for convenience on the 
triaxial plane in Fig. (III.l7), the difference in the stress states at 
A and B can be represented by the change in the hydrostatic stress rrOCT' 
the change in the shear stress TOCT' and the change in the stress ratio 
TOCT 
rrOCT 
soil. 
These are the factors which affect the deformations in the given 
By the shear tests (a) - (e) described above, we can differentiate 
among these effects and determine to what extent they are superposabl e 
upon each other. These tests need not be confined to the triaxial plane, 
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but fo r convenience of presentation and, since we want to extract the 
qualitative characteristics only, they are assumed to reflect the be-
havior of the general case in which the stress path is not confined to 
the triaxial plane. 
(iii) Radial Shear Tests 
For the purpose of investigating the stress-deformation rela-
tions of the soil under general three-dimensional stress states, these 
tests are carried out by keeping the mean stress constant. The stress 
paths, therefore, lie on an oct ahedral plane, whose position is deter-
mined by the value of the mean stress. One such plane is shown in Fig. 
(111.18 ), where stress paths are chosen radially from the hydrostatic 
axis 0 . Three such paths, OA~, 0~ and OA3 , are chosen, which divide 
the 60°-sector bounded by the triaxial compression and the triaxial ex-
tension stress paths into four equal segments. They are termed RS-45o, 
RS-60° and RS-75° respectively. The middle one, RS-60° 1 is especially 
interesting in that ~2 is constant along it. The plane strain stress 
condition lies somewhere among these three stress paths, although it is 
not necessarily represented by a straight stress path. 
These radial tests are part of the investigation of the failure 
envelope . They, when combined with tests TCa and TEa, carried out for 
various values of the hydrostatic stress, will define a failure envelope 
in the principal stress space for soil loaded once directly to failure. 
The other tests, TCb, c, d, and e, will determine how the position of the 
envelope is affected by the stress history in those tests. 
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(iv) Tests for Anisotropy of the Sample 
Naturally occurring soils are inherently anisotropic due to the 
conditions prevailing during deposition of the soils. We want to deter-
mine the degree of anisotropy in the samples that are prepared for use 
in the tests outlined above. One way of doing this is to prepare two 
samples to the same density by the same procedure} testing one sample 
by applying a certain combination of principal stresses} and testing 
t he other sample by applying the same combination of principal stresses 
but with a rotation of the directions of the stresses} as demonstrated 
in Fig. (III.l9) . The strains measured in the two tests may then be 
compared. If they differ} we can conclude that anisotropy exists in the 
sample. 
This method of testing for anisotropy is a more sensitiYe one 
than just measuring and comparing the three principal strains in a 
hydrostatic compression testJ because the shearing deformations in the 
present method are much greater than the volumetric strain in the hydro-
static test . 
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CHAPTER IV 
DESCRIPTION OF APPARATUS 
The inadequacy of the triaxial apparatus as a piece of research 
equipment was noted in Chapter II. Other devices, such as the one using 
a hollow cylindrical sample [11], use samples whose geometric shape is 
not simple, and what is more important is that they are strain- controlled 
devices, i.e. 1 they deform the sample in a definite manner and then the 
resistance of the sample is measured, and they often impose mixed bound-
ary conditions on t he sample so that inhomogeneous stress states are 
produced. Also different stress paths in the principal stress space re-
quire different apparatuses. 
In order to investigate the three-dimensional stress-deformation 
characteristics of soils, it is necessary to have an apparatus which is 
capable of applying any homogeneous stress state to a sample with a 
simple shape, such as a cube. It is also necessary that the time to 
prepare a sample for use in this apparatus be a minimum. Preferably, it 
should be stress-controlled, because we want to perform loading and un-
loading tests in which we vary the stresses along a chosen stress path 
and measure the deformations . 
To the present Bell's apparatus seems to come closest to these 
requirement s, and the disadvantages of this equipment have been discussed 
earlier . In the present investigation, improvements over Bell's three-
dimensional compressional apparatus were sought . A soil t est box and a 
stress control device have been built and they are described in the 
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following sections. A U.S. patent is being applied for each of these 
two pieces of equipment.* 
(2) Soil Test Box 
This is a cubical box whose walls are built of aluminum and are 
5/8" thick. Each wall is machined separately, and the drawings giving 
dimensions for their construction are shown in Fig. (IV.l). The verti-
cal walls are identical, so the box has two perpendicular vertical 
planes of symmetry. The top and the bottom of the box are slightly 
smaller than, but are otherwise identical to, the vertical walls. The 
top is shown in Fig. (IV.2). 
Each wall has 45° bevelled edges, and along these edges there is 
a continuous rectangular groove which is slightly shallower at the cor-
ners of the wall, as shown in Fig. (IV.l). Special preformed latex 
rubber membranes, prepared by a dipping process from aluminum molds 
which are the same sizes as the walls, are fitted on top of each wall. 
These membranes also have rectangular grooves in the position corres-
pending to that on the wall, Fig. (IV.2). The thickness of the membrane 
is 0.010-0.012 in. on the flat portion, and 0.015-0.020 in. along the 
grooves . The size of the rectangular grooves on the walls is such that, 
when a rubber membrane is fitted on the top of the wall, a 0 .139" diame-
ter 0-ring can just run in the grooves around the wall, Fig. (IV. 3). 
Each wall has a 1/4" drilled and tapped hole on its back for 
attaching a Poly-flo tubing connection, except the top wall which has 
*For the soil test box, the identification number in the Califor-
nia Institute of Technology Patent Office is CIT Docket No. 1152, and 
for the stress control device, it is CIT Docket No. 1173. 
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two holes for such purpose. Each wall has three holes along each of 
the edges and there are three holes in the rubber membrane in the cor-
responding positions, Fig. (IV.2),to accommodate 10-24 machine screws. 
The box is assembled by putting the four vertical walls together 
first. This is done by putting 10-24 Allen screws through the holes and 
Allen nuts on the other end of the screws, and then tightening the nuts. 
It is important not to turn the screws themselves because they may tear 
up the rubber membrane. When the screws are tightened, the 0-rings will 
press against one another along the common edges, thus giving a sealing 
action to the space between each membrane and its walls, and to the in-
side of the box. 
In order that the top or the bottom of the box can be removed 
without disturbing the vertical walls, a retaining aluminum frame is 
used on the top and another on the bottom. This frame is shown in 
Fig. (IV.4). It has the same shape as the bevelled rim of the rectangu-
lar cylinder made from the vertical walls. For the purpose of attaching 
these retaining frames onto the vertical walls, another set of holes, 
two on each edge, are made on the top and bottom edges of the vertical 
walls, Fig. (IV. l), as well as on the retaining frames, to accommodate 
4-40 machine screws. The retaining frames, of course, have the 10-24 
screws in the appropriate positions, Fig. (IV.4). 
With the vertical walls loosely assembled, the aluminum retaining 
frames are ~ut in place and the 4-40 Allen screws are inserted and Allen 
nuts put on their ends. The whole thing is then assembled by tightening 
both sets of screws a little bit one at a ti.me 1 to avoid unsymmetrical 
distortions of the set up, until all the screws are completely tightened. 
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After this, the top and the bottom walls can be put on after they have 
been fitted with the membrane and the 0-ring. In Fig. (IV.5), the box 
is shown assembled but with the top removed, and the walls are connected 
to Poly-flo tubings. 
The space between each wall and its membrane is filled with 
water which can be pressurized. Each pair of opposite walls is inter-
connected and applies the same pressure to the sample which is placed 
in the box. As the membranes deflect under pressure, the sample is com-
pressed. The deformation in the three perpendicular directions can then 
be measured by recording the volumes of water coming out or going into 
each pair of membranes. These then represent the principal "strains" 
arising from the principal stresses applied through the membranes. 
On one side of the top aluminum retaining frame, a small hole 
is drilled through, Fig. (IV.5), enabling a hypodermic needle to be in-
serted for independent measurement of the internal volume changes of 
the sample. 
When the membranes carry equal pressures, the whole sample is 
under a hydrostatic stress state, except the small fractions next to t he 
aluminum retaining frame. Even though the membranes are curved and 
bulge inwards, we can take the sample as under a homogeneous hydrostatic 
stress state. However, when there exists a shear stress in the system, 
the curved boundaries of the sample, as defined by the rubber membranes, 
produce complications. If we can keep the membranes fairly straight and 
not greatly inflated while the sample is being prepared in an unstressed 
state (sample preparation will be described in Chapter v), and since in 
all the tests the maximum strains encountered are only 1-1.5%, represent-
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ing about l mm. movement of each membrane, it is quite safe to a ssume 
that in the bulk of the sample a homogeneous stress state exists, whereas 
the small volumes of the sample at the corners and along the edges of the 
box may be under a slightly different stress system. This is not con-
s idered important . 
It was observed in tests after the box had been built t hat, 
s ince the side membranes actually touched one another at the common 
edges, they tended to interfere with one another whenever t hey we re unde r 
different pressures. A stainless steel spacing frame was therefore con-
structed, by silver-soldering l/2" X 3/16" metal strips together, t o fit 
closely into the box so that its strips would act as separators between 
each pair of adjacent membranes, Fig. (IV.5). 
Fig. (IV.6) shows the box completely assembled, and connected 
with the needle for internal volume measurement. 
(3) Stress Control Device 
Bell [8] found t hat shear stresses produced irreversible defor-
mations in sand. Hence the stress history of a soil has an important 
bearing on its behavior . Yet in his tests the stress state on t he sample 
was changed by successively adding or subtracting an increment to each 
of the three principal stresses in order to reach a new stres s st ate . 
Because of the irreversible behavior we would expect to obtain dif f ere nt 
r esults from the tests if the increments were applied in a different 
order . It was, therefore, thought desirable to eliminate this factor 
by chfu~ging all the stresses simultaneously and proportionately along a 
controlled selected stress path. 
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The conventional triaxial test is carried out by keeping ~2 = 
~3 constant and changing ~~- The hydrostatic stress therefore changes 
in a test. But it is customary to show the results by plotting them on 
one octahedral plane, as Kirkpatrick did [ll]. This then assumes that 
the behavior of the soil tested does not depend on the hydrostatic 
stress. In order to separate the effects of the hydrostatic stress 
from t hose of the deviatoric stress, it is necessary to keep the hydro-
static stress constant by confining the stress path to an octahedral 
plane. 
A stress control device which satisfies these requirements has 
been designed and built. This device is shown diagrammatically in Fig. 
(IV.7), and a photograph of the actual set up is shown in Fig. (IV.8). 
(In the following2 when items are referred to2 such as cylinder A2 
plate E, etc. 2 without specification of the figure, it is to be under-
stood that they refer to Fig. (IV.7).) It is a mechanical-hydraulic 
analog of the octahedral plane 2 consisting of a l /4" equilateral triangu-
lar steel plate E, supported from underneath at the corners by three 
hydraulic cylinders A filled with Mobil D.T.E. oil. The weight of the 
plate is counter-balanced at the corners by weights H. Acting vertically 
downwards on the plate is a fourth inverted hydraulic cylinder B2 which 
is connected to an air supply whose pressure is controlled by a regulator. 
The ends of the piston rods of all the cylinders are capped with a ball 
bearing, and the ball bearing of each of the cylinders A fits into a 
spherical dent on the underside of plate E. All four cylinders are 
identical and have a cross sectional area of 2.26 sq. in. and a stroke of 
1.03 in. The pressures in cylinders A correspond to the three principal 
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stresses . The force exerted by the top cylinder B is distributed among 
the cylinders A. By keeping the pressure in cylinder B constant, the 
sum of the pressures (and therefore the mean pressure) in cylinders A 
is also constant. The ratio of the three principal stresses generated 
in A is dependent on the position of B. If the piston rod of B acts on 
the centroid of plate E, the three principal stresses are equal; by 
varying the position of B, various stress ratios can be obtained. 
It can be shown (see Appendix A) that there exists an exact 
analogy between the location of the point of action of the top cylinder 
B on the triangular plate and the position of the stress point, defined 
by the principal stresses generated in cylinders A, on the octahedral 
plane, whose position in the principal stress space is determined by 
the mean stress . This analogy applies when the displacements in cylin-
ders A are small. Hence, much of the tedium involved in calculating 
the stresses required and/or the stress invariants from a desired posi-
tion of the stress point along a given path is eliminated by using this 
analog . Any stress path on the octahedral plane can be easily marked in 
the triangular plate and the top cylinder is then moved to follow this 
path. The pressures in cylinders A automatically give the combination 
of principal stresses desired . For example, if we want to carry out a 
triaxial compression test with a constant mean stress, starting from a 
hydrostatic stress state, all we need to do is to move the top cylinder 
from its centroidal position along a straight line towards the rr~­
cylinder. A triaxial extension test is carried out by moving the cylin-
der away from the a 3 -cylinder. 
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Another attachment is shown in Figs. (IV.7) and (IV.8). It is 
a fifth hydraulic cylinder C identical to A and B, suspended symmetri-
cally about the centroid of plate E. It rests centroidally on a 3/16" 
equilateral triangular steel plate J, which is suspended symmetrically 
by the rods I from plate E. The piston rod of C, therefore, points 
through the centroid of plate E. When the cylinder C is pressurized, 
it increases the pressures in cylinders A by equal amounts, and the 
stress point in the principal stress space then moves along a straight 
line parallel to the hydrostatic axis. This attachment doubles the 
capacity of the system as far as the magnitude of the hydrostatic stress 
available is concerned, and proved to be very useful in investigating 
the effects of a hydrostatic stress superimposed on a deviatoric stress. 
Along a chosen straight stress path on plate E, the ball bearing 
on the piston rod of the cylinder B is guided by two metal strips with 
slots made on them at l" spacing as shown in Fig. (IV.9). The cylinder 
can be moved in l" steps, or, if finer steps are required, it is moved 
to let the ball bearing bear against two adjustable screws (Fig. (IV. 8) ), 
so that, theoretically speaking, any small stress increment can be ob-
tained . The l" spacings are numbered, j = 0,1,2, ···etc., with the 
zero value corresponding to the centroidal position of cylinder B. 
Other methods of control of the movement of cylinder B are possible. 
The system in which the pressures generated in the cylinders A 
are transmitted to the soil test box as principal stresses is shown 
schematically in Fig. (IV.lO), and a photograph of the whole setup is 
shown in Fig. (IV.ll). 
The hydraulic oil in a cylinder A is connected to a graduated 
- 69 -
glass stand pipe (3/8" I.D. and l/2" O.D. ), the bottom part of which is 
filled with water communicating with a pair of opposite walls of the 
soil test box. The pressure in the hydraulic cylinder is thus trans-
mitted through the. water to the sample. The oil and the water are im-
miscible, thus the eleyation of their interface, Fig. (IV.l2), giyes an 
indication of the deformation taking place in the sample in the direc-
tion of this principal stress. This deformation includes that of the 
sample and those due to the tubing and membrane penetration and wall 
effects, and has to be corrected, as will be discussed in Chapter V. 
The yolume change in each pair of membranes can be read to O.l c.c. on 
the glass tubes. 
In order that this system may work satisfactorily, it is neces-
sary that the friction in the hydraulic cylinders be kept yery low. An 
ordinary hydraulic cylinder with 0-rings around the piston is not suit-
able from this point of Yiew, and it was found that a special kind of 
cylinder using rolling diaphragms practically proYides no frictional 
resistance to the moyement of the piston (see Appendix B). All the 
cylinders used in the stress control deYice are the demonstration model 
lO-lOO actuator made by the Bellofram Corporation, Mass., and can be 
subjected to maximum pressure of lOO psi. They perform Yery satisfac-
torily for the present purpose. Such an actuator is shown in Fig. 
(IV.l3). To adapt this to a hydraulic cylinder used in the stress con-
trol deyice, a hardened steel extension rod is attached to the piston 
rod of the actuator and passes through a linear ball bearing embedded in 
a lucite plate which is part of the framework of the cylinder shown in 
Figs. (IV.9) and (IV.l4). When fixed this way, the piston rod of the 
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cylinder is constrained to move linearly. The linear ball bearing of-
fers very little resistance to the movement of the extension rod. 
Figs. (IV.9) and (IV.l4) show the top cylinder B. The base of 
the cylinder is supported on three ball bearings, for the purpose of 
allowing free movement of the cylinder on the underside of plate G, 
Fig . (IV.7). When plate E tilts as cylinders A change in their oil 
contents due to deformations in the soil test box, the cylinder B would 
tend to slide out of position. It is therefore necessary to embed an 
electromagnet, L, on the base of cylinder B, Figs. (IV.7) and (IV .9), 
which when energized will attach itself to the bottom of plate G, thus 
preventing any lateral movement of B. When cylinder B is required to 
move to a new position, the electromagnet is de-energized, the cylinder 
moved and the electromagnet energized again. 
It can thus be seen that the stress control device is easy to 
operate and has merits in that it enables the stresses, as represented 
by the pressures in cylinders A, to be varied simultaneously and con-
tinuously (as smoothly as we care to move the top cylinder), while the 
hydrostatic stress can be kept constant if desired, and in that a great 
simplification is introduced with respect to the calculation of the 
stresses required to give a desired stress path and quantities related 
to them. The attachment of the hanging cylinder C makes it possible to 
obtain any desired stress path in the principal stress space. For cali-
bration of the stress control device, see Appendix B. 
When we want to compress the sample hydrostatically, it is, of 
course, not necessary to employ the stress control device. Since the 
three principal stresses are equal during a hydrostatic stress cycle, 
- 71 -
each pair of membrances can be connected to a column of water subject 
to a common air pressure, as shown in Fig. (IV.lO). By changing one 
pressure only and recording the changes in levels of the water columns, 
we can study the behavior of the sample under hydrostatic s t ress . 
The oil reservoirs shown in Figs. (IV.lO) and (IV. l2) provide 
the possibility of oil transfer from the reservoir t o the cyl inders A 
and vice versa. 
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CHAPTER V 
EXPERIMENTAL PROCEDURES 
(l) Introduction 
The reasons why simple load tests, including unloading, are re-
qui red to extract the characteristic behavior of the soil were given 
i L Chapter III, and the purpose of each test was also discussed there. 
~-1 this chapter, the experimental procedures required in carrying out 
these tests are described. 
(2) Preparation of Sample 
The soil tested in this investigation was standard Ottawa sand, 
whose grain size distribution is shown in Fig. (V.l). It can be seen 
that most of the grains lie between U.S. Sieve Nos. 20 and 40. Only 
dry samples of this soil were tested and a description of their prepara-
tion to different densities is given below. This applies to samples for 
all the tests to be described in later sections of this chapter . 
Prior to testing, a small amount of water, which was tap water 
kept in a flask in the laboratory for a few days, was introduced into 
the space behind each membrane of the box with the lid removed, care 
being taken to remove any air bubbles from the water. The valves S, 
Fig. (IV.lO), were shut off and water was poured into the box to a level 
determined by the bottom of the plastic scraper which was resting on the 
rim of the box, Fig. (V.2). The volume of water thus introduced was re-
corded. The box was then emptied by siphoning out the water, and the 
inside of the box was dried with tissue paper. The box was then ready 
to be filled with sand. 
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To obtain a loose sample of the soil, a glass funnel was filled 
with sand with its tip touching the bottom of the box. By moving the 
funnel around inside the box and gradually raising it while its tip was 
kept just above the surface of the sand accumulating in the box, a l oose 
sample was obtained. To get denser samples, the sand was allowed to 
drop through the funnel at a constant height above the surface of sand 
accumulated on the bottom, Fig. (V.4). The density of the sample ob-
tained increased with the height through which the grains had fallen, 
within the test limits of 0 to 42 inches, and it is believed that, if 
the rate at which the grains dropped was kept fairly uniform, a homogene-
ous sample was obtained. The question of the measurement of possible 
anisotropy in the sample will be discussed later in this chapter. 
It was not advisable to introduce too much water into the side 
membranes initially, because the membranes would bulge too much, causing 
the shape of the sample to be far from cubic, as illustrated in Fig . 
(V .5a ). However if the membranes were not filled, water would rest in 
the bottom leaving practically no water in the top position to accommo-
date expansion of the sample, Fig. (V.5b). Since a couple of millimeters 
of lateral movement of each membrane was all that was required to accom-
modate the total deformation of the sample during a test, it was found 
best to load the box in three or four stages. In each stage, enough 
water was introduced to inflate the side membrane about 5 mm. for a 
height of about 1 in. (Fig. V.5b). Then sand was dropped into the box 
as described above, until a little bit less than one inch of sand had 
accumulated, Figs. (V. 5c) and (V.6). Next, a lucite stamp was placed on 
top of the sand accumulated (Fig. V.7), and valves P and S were opened 
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to let measured amounts of water flow into the spaces behind the mem-
branes, until the membranes were inflated about 5 mm. for another inch 
or so above the sand surface, Figs. (V.5d) and (V.8). The lucite stamp 
was removed and the process of pouring sand into the box resumed until 
another inch of sand had accumulated. This procedure was repeated until 
the whole box was filled to the level as determined by the bottom of 
::. ~1.:: luci te scraper (which was the same level as the water before), Figs. 
(V.5e ) and (V.9). Although the sides of the sample might not be made 
plane by the technique, its overall shape was roughly cubic. 
When the box was filled with sand in this way to the same level 
as the water before, the density of sample could be calculated from the 
weight of sand put in and the volume it occupied, which was equal to the 
volume of water required to fill the box initially minus the total volume 
of water introduced into the membranes during preparation. The void 
ratio, e, of the sample was calculated from 
e 
where W 
v 
vol. of void 
val. of grains 
1000 w 
V - 2.204 X 2.65 
1000 w 
2.204 X 2.65 
v 
171 w- 1 
weight of sample, in lb., 
volume of sample, in c.c. 
and the specific gravity of the grains was taken to be 2.65 [8]. 
(V .1) 
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The void ratio thus determined was rather sensitive to both the 
weight and the volume of the sample and was usually determinable only 
to+ 0.005. 
After preparing the sample in the manner described, t he top of 
the box was put on. We could not inspect the top membrane to see 
whether it was air free or not, because the 0-ring was effective in 
sealing the spacing behind the membrane only after the top was screwed 
down tight. Hence we had to circulate water through this membrane 
through the two connections on the top plate of the box with the box 
slightly tilted, as illustrated in Fig. (V.5f). 
The hypodermic needle was inserted into the holes in the top 
aluminum retaining frame, as shown in Fig. (IV. 6 ), and connected to one 
arm of a U-tube while the other arm was under atmospheric pressure, Fig. 
(IV.lO). 
The sample was then ready to be tested. 
(3 ) Corrections 
Since the deformations of the soil were measured by the amount 
of water that went into or came out of the spaces behind the membranes, 
it is necessary to consider how these measurements were related to the 
actual deformations and to determine the necessary corrections. Three 
of these corrections may be distinguished: 
(i) The rubber membranes under pressure penetrate into the 
spaces between the soil grains, Fig . (V.lO), and make 
the volumetric readings too large by an amount which 
depends nonlinearly upon the pressure. 
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(ii) The screws holding the walls of the box together 
lengthen and the walls themselves bulge outward 
under the pressure applied to the water behind 
the walls. 
(iii) The connecting Poly-flo tubings expand under pressure. 
The first ti,o corrections were obtained together empirically 
· y the following method. Two aluminum blocks were made of respective 
sizes 3 5/8"x 3 5/8" X 3 15/16" and 3 15/32" X 3 15/32" X 3 21/32". 
One block was i~ serted into the box and the voids between it and the 
membranes were filled with sand. The volume changes in the membranes 
were then recorded for different hydrostatic pressures. The same pro-
cedure was repeated for the other b lock. The two t ests differed only 
in the thickness of the sand layer existing between t he block and the 
membranes under the test pressures, while the aluminum blocks themselves 
were considered relatively incompressible at the pressures employed. 
The results are shown in Fig. (V.ll), in which an extrapolation was made 
to give the volume changes in the case where the amount of sand present 
in the box is zer?, so that there is no contribution from the compres-
sion of the sand. Then the changes in this case represent the correc-
tions to be made for both wall-bulging and membrane penetration effects. 
To measure the effect of the expansion of the tubings, a piece 
of about lO ft. length was f illed with water and pressure applied to 
the water, as illustrated in Fig. (V.l2). ~ne amount of water going 
into the tubing was found to be proportional to the pressure, as shown 
in Fig. (V.l3), where the values had been adjusted to those for the 
length of tubing (about 17ft.) used in the setup shown in Fig. (IV.ll) 
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and illustrated in Fig. (IV.lO). 
Combining these corrections, a single correction curve was ob-
tained for each pair of walls, as shown in Fig. (V.l3). An arbitrary 
datum pressure was chosen at 4 psi, because at smaller pressures, an 
uncertainty exists as to the state of the sample at the boundaries next 
to the membranes, and as to whether or not the membranes were touching 
the sample completely at the edges and corners of the box. 
(4) Hydrostatic Compression Tests 
Hydrostatic compression tests, described in Section 4(i) of 
Chapter III, were performed on samples of different densities. In each 
test, the pressure was applied through the water tubes with the valves 
Q and R (Fig . (IV.lO)) closed and valves P and S open, and was adjusted 
by the regulator M. Hence the stress control device was not needed and 
the three principal deformations were read on the graduated water tubes. 
The test pressure range (4-60 psi) was divided into intervals, smaller 
in t he lower pressure range. Each increment was left on for two minutes, 
during which time the deformations would normally reach steady values. 
At the end of each increment, the levels of the three water columns were 
read to 0 .1 c.c. and recorded. The water in the U-tube for the measure-
ment of the internal volume change was balanced and the l evel read. 
After reaching the maximum pressure, the unloading cycle began and the 
decrements of pressure were the same as the increments during loading. 
The water columns and the U-tubes were read after each decrement had 
been left on for two minutes. 
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A few cycles of hydrostatic stress were applied, depending on 
the density of the sample. A larger number of cycles was applied to a 
loose sample, because a loose sample was expected to undergo more ir-
reversible volumetric strain for each cycle of hydrostatic stress. The 
results of these and subsequent tests will be shown in Chapter VI. 
(5) Shear Tests in the Triaxial Plane 
The guiding strips were adjusted on the triangular plate of the 
stress control device to give a triaxial compression or extension stress 
path. A sample was prepared and subjected to a few cycles of hydro-
static stress (4-60 psi), to enable some of the unstable grains to at-
tain more stable positions. These cycles were applied through the water 
columns as in Section (4), and then control was transferred to the stress 
control device. This was done by placing the top cylinder B (here, the 
r e f e rence figuresare (IV.7) and (IV.lO)) at the centroid of the triangu-
lar plate and loading it to generate a hydrostatic stress of 4 psi in 
each of the lower cylinders A. The valves P were closed and valves Q 
opened. One to two cycles of hydrostatic stress were applied using 
thi s device, the results of which were compared with those obtained by 
means of the water columns. 
The capacity of each cylinder was 100 psi, but the laboratory 
supply to the top cylinder B could not be maintained steady by the regu-
lator N~ at 75 psi. Consequently, if the top cylinder alone was used, 
a maximum hydrostatic stress of only 25 psi on the sample could be gen-
e rated. It was therefore necessary to employ the hanging cylinder C to 
obtain higher hydrostatic pressures. It was important to see that the 
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hanging cylinder had its piston upright before applying pressure to it 
by means of the regulator N2 , and that the hanging rods I did not touch 
the holes through which they passed. This sometimes involved leveling 
the small triangular plate J on which this cylinder sat, by adjusting 
the screws K on the lower ends of the hanging rods. 
After these cycles of hydrostatic stress, the pressure in the 
top cylinder was adjusted to give the value of GOCT desired, with the 
bottom hanging cylinder exerting no pressure. Next began the shear 
test which was one of the five types outlined in Section 4(ii) of Chapter 
III. The experimental manipulations were described in the following: 
Test (a). To produce the stress path for this test, as shown 
in Fig. (III.ll), the top cylinder B was moved along the path defined 
by the guiding strips, in steps which were larger in the beginning and 
smal ler as the test went on, while the air pressure in the cylinder was 
kept constant. The deformations after each step were measured by the 
changes in elevations of the oil-water interfaces in the columns. The 
readings were taken at frequent intervals (l minute or so) and recorded 
on standard forms as shown in Appendix c, until they reached a stationary 
value. This usually took 3 to 4 minutes. The internal volume change 
obtained through the hypodermic needle was also recorded. 
During the test, or any other tests involving the stress control 
device, it was necessary to watch the l evel of pistons in all cylinders 
(A, B and C), and care was taken not to let the capacity of any cylinders 
run out. (The total capacity of any one cylinder is about 35 c.c., which 
corresponds to about 3% strain. However, the piston of any one cylinder 
was not necessari ly set initially at an extreme position.) This might 
- 89 -
necessitate transferring oil to and from an oil reservoir into the 
cylinder} via valves RJ so as to adjust the level of the piston. When 
this had to be done} valves S were closed to shut off the box} and 
pressure was applied to the reservoir at a value slightly higher or 
lower (depending which way we wanted the oil to flow) than that in the 
cyl ~nder whose capacity was nearly exhausted. Then valve R was opened 
~llow a slow transfer to take place. After thisJ the reservoir was 
sconnected by closing valve R and the box connected by opening valves 
S. When the deformations were large} such transfers might be necessary 
in more than one ~ylinder and more than once in one cylinder during the 
testJ especially when the plate began to tilt too steeply. The plate 
should be kept fairly level} otherwise the analogy between the plate 
and the octahedral plane (see Appendix A) would not hold. When the soil 
was believed to have failed (see Section 3 of Chapter III)J the top cy-
linder was moved back to the centroid of the plate in steps. The defor-
mations and the internal volume change were recorded at the end of each 
s tep. The test ended after the cylinder had been returned to the cen-
troidal position. 
This test was carried out in both triaxial c ompression and ex-
tension on samples of four different densities (dense} medium dense} 
medium loose and loose ) at values of ~OCT equal to 15 psi and 20 psi. 
Test (b). To produce the stress path shown in Fig. (III.l2)J the 
top cylinder was moved one step out and} after a steady state was reached} 
the deformations were recorded. The cylinder was then brought back to 
the centroid} and the deformations recorded. Next it was moved to re-
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trace its previous steps, readings taken, and it was moved one further 
step out, then returned and so on. The test was stopped after the 
cylinder had been taken beyond the failure position found in test (a) 
and brought back to the centroid. 
This test was carried out in both triaxial compression and ex-
tension on samples of two different densities (medium dense and medium 
loose) at a value of ~OCT equal to 20 psi. 
Test (c). To produce the stress path shown in Fig. (111.13), 
the same procedures as in (b) were taken, except that following each 
return of the cylinder to the centroid, the pressure in t he bottom 
hanging cylinder was increased from zero to 75 psi by three increments 
and decreased back to zero by the same increments. At the end of each 
increment the deformations were recorded. 
The value of ~OCT used at the beginning was 15 psi and therefore 
increased from 15 psi to 40 psi during the hydrostatic cycle between A 
and C. The test was performed in triaxial compression and extension 
and at two densities (medium dense and medium loose). 
Test (d). The stress path for this test was shown in Fig. 
(111.14). To produce this, the top cylinder B was moved along the se-
l e cted path and, at each new position, after the deformations were re-
corded, the pressure in the top cylinder was increased from the initial 
value of 45 psi to 75 psi in two equal steps. Since the stress ratio 
TOCT 
-~--- depends solely on the position of the top cylinder (see Appendix A), 
OCT 
the increase in pressure in this cylinder had the effect of producing the 
stres s path B1C1. The pressure was next returned to its former value, 
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ana the cylinder moved another step outward until it had passed the 
failure point found in (a). 
'l'he two values of a-OCT in this test were 15 and 25 psi, and the 
test was carried out in triaxial compression and extension and at two 
a ifferent densities (medium dense and medium loose). 
Test (e). The stress path for this test was shown in Fig. 
( I II.l5). To achieve this, the top cylinder B was moved out one step, 
the plate which supported the bottom cylinder C was leveled and pressure 
in this cylinder was increased from zero to 75 psi in 3 steps. Equal 
incremental pressures were generated i n the middle cylinders A, thus 
producing the s t ress path B~C~. The pressure in the hanging cylinder 
was then released and the top cylinder moved one more step out, until 
it had passed the failure point determined in (a). 
The value of a-OCT used in this test was 15 psi and was increased 
to 40 psi along B~C~. The test was carried in both triaxial compression 
a nd extension on samples of two different densities (medium dense and 
medium loose). 
(6 ) Ra dial Shear Tests 
There were three different tests in this category. The experi-
mental procedures were the same for each and they only differed in 
the ir stress paths, as shown in Fig. (III.l7). 
The guiding strips on the triangular plate of the stress control 
aevi ce were adjusted to give the stress path desired . From then on, 
t he procedures were the same as those for tests 5(a) (or TCa and TEa). 
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These tests were carried out on samples of two different densi-
ties (medium dense and medium loose) at a value of ~OCT equal to 20 psi. 
(7) Tests for Anisotropy of Sample 
Normally} the directions of the majorJ intermediate and minor 
principal stresses with respect to the soil test box was as shown in 
Fig. (V.l4a )J but two tests were carried out by rotating these direc-
tions as shown in Fig. (V.l4b and c). All that was involved was inter-
changing some of the connecting tubing between the stress control de-
vice and the soil test box. 
The first one had a triaxial compression stress path and was 
performed on a medium dense sample at a value of ~OCT equal to 20 psi. 
The second had a RS-60° stress path and was performed on a 
medium loose sample at a value of ~OCT equal to 20 psi. 
The results of these tests could be compared to those obtained 
in the test without a rotation of the axis of the principal stresses. 
The results of all the tests described in this chapter will be 
shown in Chapter VI. 
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CHAPTER VI 
EXPERIMENTAL RESULTS 
(l) Summary of Tests 
The theory of tests performed in this research was given in 
Chapter III, where the stress paths for various tests were also given. 
In Table (VI.l) is given a summary of these tests. 
(2) Results of Hydrostatic Compression Tests 
The results of hydrostatic compression tests of a dense, medium 
dense and loose sand are shown in Figs. (VI.l), (VI.2) and (VI.3) re-
spectively. In each figure, the total volume compression, ~ V, of the 
sample, after applying the correction shown in Fig. (V.l3 ), is plotted 
versus the hydrostatic pressure, p. The volume compression ~ V was 
calculated on the basis that the volume change was taken to be zero at 
the datum pressure of 4 psi. 
Assuming that the sample was isotropic during the hydrostatic 
compression test, and that its shape was roughly cubic, the principal 
deformations, ~ V., in the three perpendicular directions should be 
l 
equal . However it was sometimes observed that the vertical deformations 
~ vl was greater than the two horizontal deformations ~ v2 and ~ v3 
which are always equal, while at other times, the three were nearly 
equal. This discrepancy could be due to the fact that the box has only 
two planes of symmetry, both vertical, and we had not taken this into 
account when we applied the correction to the deformation readings. Or 
it could be due to the sample being anisotropic, but this effect was 
considered not important, as supported by the results of anisotropy 
- l 04 -
Table {VI.l) 
Value of' Results 
Stress Path Void Ratio Volume of' crOCT Used, Shown in 
Test Shown in Fig. of' Sample Sample, c.c. psi Fig. 
HC-l III.ll 0 .486 8lO 4-60 VI.l 
HC-2 II 0.537 837 4-60 VI.2 
HC-3 II 0.692 820 4-60 VI.3 
TCa-l III.l2 0.5l0 8l6 20 VI.4 
TCa-2 II 0 .540 783 20 VI.5 
TCa-3 II o . 6l o 798 20 VI.6 
TCa-4 II 0.637 8l2 20 VI.7 
TCa-5 II 0.670 8l7 20 VI.8 
TCa-6 II 0.535 779 l5 VI.9 
TEa-l II 0.502 8l2 20 VI.lO 
TEa-2 II 0 . 538 790 20 VI.ll 
TEa-3 II 0 . 640 808 20 VI.l2 
TEa-4 II 0.670 808 20 VI.l3 
TEa-5 II 0.53l 80l l5 VI.l4 
TCb-l III.l3 0 . 535 809 l5 VI.l5 
TCb-2 II 0 . 620 826 l 5 VI.l6 
TEb-l II 0 . 526 793 l5 VI.l7 
TCc-l III.l4 0.540 783 l5-40 VI.l8 
TCc-2 II 0 . 604 807 l5-40 VI.l9 
TEc-l II 0.528 79l l5-40 VI.20 
TCd-l III.l5 0 . 534 772 l5-25 VI. 2l 
TCd-2 II 0.590 829 l 5-25 VI.22 
TEd-l II 0.530 767 l5-25 VI.23 
TCe-l III.l6 0 . 534 764 l5-40 VI.24 
TCe-2 II 0 . 605 825 l5-40 VI.25 
TEe-l II 0 . 530 788 l5-40 VI.26 
RS45 °-l III.l8 0 . 526 8l4 20 VI.27 
RS45°-2 II o.6lo 823 20 VI.28 
RS60°-l III.l8 0.5l8 836 20 VI.29 
RS60°-2 II o.6l4 837 20 VI . 30 
RS75°-l III.l8 0 . 532 834 20 VI.3l 
RS75°-2 II 0.606 827 20 VI.32 
A-l V.l4(b) 0.520 802 20 VI.33 
A- 2 V.l4(c) o.6l4 836 20 VI.34 
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tests given later in this chapter. The probable reason for the meas-
ured vertical deformation being greater than the horizontal ones is 
the trapping of air in the water behind the rubber membrane of the 
top wall. This was possibly due to the fact that, whereas we could 
inspect the side wall and the bottom membranes to make sure that there 
was no air in the water behind these membranes, we could not do the same 
with the top one, and the circulation of water behind this membrane 
through the two connections on the top (see Fig. (V.5f)) did not com-
pletely remove all the trapped air. Since the pressure range in the 
hydrostatic compression test was nearly four atmospheres, the compressi-
bility of any amount of air trapped in the top membrane was rather sig-
nificant, especially when the compressibility of the sample itself was 
so small. 
In order to better represent the true compressibility of the 
sample, the assumption was made that the three principal deformations 
were equal . The total volume change 6 V was then calculated by 6 V 
3/2 (6 V2 + 6 V3 ). It is estimated that the error thus involved is no 
g r eater than the uncertainty due to membrane correction. The values of 
6 V shown in Figs . (VI.l), (VI.2) and (VI.3) were calculated in this way. 
A word must be said about the internal volume change measured 
by the hypodermic needle. This reading included the volume change of 
the sample itself and also the volume of membrane penetration. Since 
we had not determined the membrane penetration factor independently, it 
was not pos sible to isolate these two components in the internal volume 
change as measured by the needle. However, this reading afforded a 
check on the possible presence of a leak in the membrane into_the box in 
- l06 -
which case this reading would increase with time, as this was different 
from a leak outside of the box in which the hypodermic needle reading 
would be stationary. A leak outside would be indicated by the increas-
ing volume of water going into the spaces behind the membranes. 
In each of the three hydrostatic compression tests, the results 
of two cycles (loading and unloading) or hydrostatic stress were shown. 
In each cycle, the datum for ~ V was taken at that value of volume 
reading at 4 psi. The compressibility was not shown in terms of the 
void ratio, since the changes in e were very small. 
(3) Results of Shear Tests in the Triaxial Plane 
Tests TCa and TEa. The results of these tests are shown in 
Figs. (VI.4) to (VI.l4), by plotting j versus~ Vi. The parameter j is 
the number of steps through which the top cylinder of the stress control 
device is moved and is a measure of the shear stress. For the relation 
between j and the stresses, see Figs. (A-3) and (A-4) (Appendix A). We 
use the convention that ~Vi is positive for compression . 
In these tests, in which the intermediate principal stress was 
equal either to the major or to the minor principal stress, it was ob-
served that the two principal displacements corresponding to the two 
stresses which were equal were always nearly the same (maximum differ-
ence less than lO%). Hence for the sake of clarity, only the major and 
the minor principal displacements are shown in Figs. (VI.4) to (VI.l4) 
except in Fig. (VI.4b) where the three displacements are shown for a 
typical test. These displacements were also plotted on a semi-loga-
rithmic graph . 
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T~ these figures are also shown the total volume changes 
6 v (= ~ 6 vi). The internal volume change~ vint. measured by the 
l 
hypodermic needle is not shown, because it was found to be nearly equal 
to 6 V (maximum difference less than 0.2 c.c.). That this was so could 
be explained by the fact that the mean stress was held constant in these 
tests. Had the membrane penetration correction function been a linear 
one, there would be no contribution from this factor to 6 Vint' Al-
though this . correction function was not linear, over the pressure range 
of these tests (say from 8 to 36 psi in triaxial compression) the devia-
tion from linearity only contributed a little to ~ Vint' Therefore 
6 Vint essentially measured the actual total volume change of the sample, 
which was 6 V and it was observed that 6 V and 6 Vint were indeed always 
nearly equal. 
To obtain the strains from displacements, we need only to divide 
the deformations (6 Vi and 6 V) by the volume of the sample, assuming 
that the sample was initially a cube and the displacements were small. 
Tests TCb and TEb. The stress-deformation curves for these 
tests are shown in Figs . (VI.l5) - (VI.l7). The same remarks for tests 
TCa and TEa are applicable here, except that on the semi-logarithmic 
plots only the displacements when a new maximum shear stress c~ j) was 
reached are shown . 
Tests TCc and TEe. The stress-deformation curves for these 
tests are shown in Figs. (VI.l8) - (VI. 20). The compressibility of the 
sample during the hydrostatic stress cycle when each time the sample was 
unloaded to the hydrostatic stress is shown in Figs. (VI.l8c~, (VI.l9c) 
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and (VI.20b). Here~ V was calculated by directly summing~ Vi. 
Here again, the semi-logarithmic plots only show the displace-
ments corresponding to a new maximum shear stress. 
Tests TCd and TEd. The stress-deformation relations for these 
tests are shown in Figs. (VI.2l) - (VI.23). When the pressure in the 
top cylinder was increased from 45 to 75 psi and then reduced back to 
45 psi with the cylinder in an eccentric position, the value of j re-
mained unchanged. For such cycles of stress in which ~OCT changed from 
15 psi to 25 psi and back to 15 psi, the displacements induced are shown 
in Figs. (VI. 2la)- (VI.23a ). In Figs. (VI.2lb)- (VI.23b), the total 
volume changes~ V (=~~Vi) for one cycle of stress of each value of 
j are plotted versus ~OCT' 
Tests TCe and TEe. The stress-deformation relations for these 
tests are shown in Figs. (VI. 24) - (VI. 26 ). Strictly speaking, when 
the pressure in the hanging cylinder was increased from zero to 75 psi 
and t hen reduced back to zero with the top cylinder in an eccentric 
position, the value of j decreased and then increased to its former 
value. The actual value of j at each increment of the pressure in the 
hanging cylinder could be calculated from TOCT and ~OCT; this was not 
attempted and, for the sake of clarity of presentation, the deformations 
in this cycle of stress were plotted as if j were constant, as in Figs. 
(VI.24a) - (VI.26a ). 
The value of ~OCT changed from 15 psi to 40 psi and back to 15 
psi ; the corresponding total volume changes~ V C=l: ~Vi) were plotted 
i 
versus ~OCT in Fig. (VI .24b)- (VI.26b), for different value~ of j. 
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(4) Results of Radial Shear Tests 
The results of these tests are shown in Figs. (VI.27) to 
(VI. 32 ). The three principal displacements~ Vi and the total volume 
change~ V (= f ~Vi) are plotted versus j. ~Vi are also plotted on a 
semi-logarithmic graph. 
(5) Results of Tests for Anisotropy 
The results of these tests, A-1 and A-2, are shown in Figs. 
(VI. 33 ) and (VI.34). 
In A-1, the stress path was triaxial compression, and it was 
observed that ~ V2 and ~ V3 were nearly equal (maximum difference less 
than 0.5 c.c.). Hence only~ V1 and~ V2 are plotted in Fig. (VI. 33), 
both arithmetically and semi-logarithmically. 
In A-2, the stress path was RS60°. All the three principal 
displacements are plotted in Fig . (VI.34), both arithmetically and semi-
logarithmically. 
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CHAPTER VII 
DISCUSSION OF TEST RESULTS 
Any statement made in this chapter about the behavior of sand 
applies only to the Ottawa sand tested in this investigation. 
(l) Hydrostatic Compression Tests 
The results of hydrostatic compression tests HC-l, HC-2 and HC-3 
were shown in Figs. (VI.l) to (VI.3). It is seen that the volumetric 
compression ~ V varied non-linearly as the hydrostatic pressure p and 
the relationship was a strain-hardening one. 
The compressibility of sand was found to depend on the density 
of the soil, as represented by the void ratio ej the looser the soil, 
the more compressible it was. During the first cycle of loading and 
unloading, there was a certain amount of irreversible volumetric com-
pression which was smaller for the denser soil. During the second 
cycle, the amount of irreversible compression was considerably reduced, 
especially for the dense soil in HC-l, where all the compression was 
recoverable at the datum pressure of 4 psi. However, for the two looser 
samples there was still some i rreversible deformation when the hydro-
static pressure was returned to 4 psi. 
It is suggested that the irreversible deformation was due to 
t he initially unstable soil grains trying to attain more stable positions 
when the sample was subjected to hydrostatic stresses. For the magnitude 
of the maximum pressure employed in these tests (60 psi), grain crushing 
was undetectable, as supported by comparing the grain size distribution 
- l8l-
of a sample after a test to that of the same soil taken before the test. 
This is not shown, because it is identical to the one shown in Fig. 
(V.l). The number of initially unstable grains in a dense soil would 
be l ess than that in a loose soil. Therefore, it only took one cycle 
of hydrostatic stress in HC-l to bring nearly all of these grains into 
stable positions, and during the second cycle of stress, nearly complete 
recovery was obtained. For a looser sample, there was still a certain 
amount of irreversible deformation during the second cycle, Figs. (VI. 2 ) 
and (VI . 3)j however, if a few more cycles of stress had been applied, 
there could have been no irreversible deformation at all. This would 
be achieved when each grain in the sample had attained a s t able position 
with respect to it s surrounding grains. 
From the consideration given in Chapter III about the behavior 
of spheres under combined normal and tangential forces, it seems plaus-
ible to assume that the magnitude of tangential forces acting between 
grains in a random assembly under hydrostatic stress is very small. 
This is justified because tangential forces would produce "slipping" 
and "s liding" between grains, both of which involve i rreversible move-
ments, whereas experimental evidence showed that the volumetric compres-
sion is largely reversible . If this assumption is made, the external 
s t resses are resisted by normal forces between the grains , and t he over-
all volumetric strain results from t he e lastic compression of grains by 
the normal forces at the contacts . 
Upon this assumption and subsequent reasoning, the theory of 
holey model s presented in Chapter III was basedj thi s theory postulated 
an increasing number of contacts to be made under increasing_~ydrostatic 
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pressure. It is now appropriate to compare the experimental results to 
the values predicted by the theory of holey models. 
Before this comparison is made, we observe that the loading and 
unloading portions of the hydrostatic compression curves do not coincide 
even for the dense sample where there was complete recovery at the datum 
pressure. In other words, there existed a hysteresis loop. It is 
thought that part of this hysteresis may be due to the uncertainty in-
valved in measuring the correction due to membrane penetration and wall 
bulging effects. It is quite possible that it is a property of the rna-
terial itself, but there is no way to predict this from the theory in 
Chapter III. Therefore, in the following comparison between theory and 
experiment, only the loading portions of the compressibility curves of 
the second cycle of the three tests are taken. 
These are plotted as volumetric strain ~VV %) versus p2/3 in 
Fig. (VII.l). In the same figure are shown the theoretical curves for 
random assemblies of spheres with void ratios as shown, which correspond 
to those of the samples in the respective tests. It must be remembered 
that these curves are for an assumed value of the ratio r/R of 1/3 (see 
Chapter III). It is seen that an excellent correlation is obtained for 
the medium dense sample of HC-2, while the theory predicts higher values 
for the dense sample of HC-1 and lower values for the loose sample of 
HC-3. However, the discrepancies in the last two cases are not great 
and the curves have roughly the same shapes. Bearing in mind that the 
total corrections which are applied to the observed volumetric readings 
to obtain the true deformations were about twice as large as the defor-
mations themselves, we may tentatively conclude that the theory does 
• 
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predict the behavior of sand under hydrostatic stress. (It must be 
noted that the volumetric strains are very small and the apparatus is 
not sensitive for precise measurements at this level. However, when a 
deviatoric stress is applied, the shearing deformations are much larger 
and the apparatus has then a greater reliability.) 
For the sake of comparison, the compressibility curves obtained 
by Bell [8], on samples of density comparable to the present tests, were 
also plotted in Fig. (VI.2) and Fig. (VI.3). It is seen that Bell's re-
sults show a much sharper rise at the small pressure range and are 
roughly parallel to those obtained in this investigation for larger 
pressures. It is the author's opinion that the discrepancy at small 
values of the hydrostatic pressure is due to the error in the membrane 
correction used by Bell. 
In Fig. (VII.l) are also shown the compressibility curves for a 
simple cubic and a face-centered cubic packing, as obtained by assuming 
only a Hertzian behavior at the points of contact. They are straight 
/:::, v 2/3 lines on the -y- ~ p plot. 
Hence it is felt that the experiments tend to confirm the theory 
of holey models postulating successively increasing numbers of contacts 
between grains in a random granular assembly under increasing external 
hydrostatic stress. The volumetric strain does not depend linearly upon 
the two-thirds power of the external pressure, as was predicted by using 
only the Hertzian contact theory, but it increases less rapidly than the 
two-thirds power function due to the increased number of contacts con-
tinuously being made. It is possible to express this hydrostatic stress-
volumetric strain relationship in a closed form by curve fitting or 
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numerical methods, which will be useful in the formulation of constitu-
t ive e~uations for this material, but it must be pointed out that, at 
present, the expression so obtained will just be valid for the material 
tested (although at various densities) and it is not known whether 
another soil will behave similarly. For example, a soil with angular 
grains would certainly exhibit a great er compressibility than the ma-
terial tested which has more or less rounded particlesj a well-graded 
soil, capable of being packed to a greater density, may not be described 
by the holey model, because new contacts may be created at a different 
rate. If a general theory were to be developed for different kinds of 
soil, these variables would have to be included. 
(2) Tests TCa and TEa 
These tests were performed by increasing the deviatoric shear 
stress from zero while the mean stress was kept constant. The three 
principal displacements were measured in terms of~ Vi and were plotted 
versus j, which is a measure of the shear stress, in Figs. (VI.4) to 
(VI.l4). The volumetric deformation~ V (=2: ~Vi) was also shown. 
It can be seen that under both TC and TE stress conditions, the 
principal displacements were larger for samples which were loose than 
those for samples which were dense at the same stress levels. That 
means a loose sample deformed more than a dense one when subjected to 
the same stresses. This is expected, because in a dense sample there 
are more contacts between grains per unit volume. The load-resisting 
structure made up of the grains in contact is then more compact and not 
so flexible as in a loose soil. Moreover, slipping grains are surrounded 
by others to a greater extent and are hence not so easily abie to slide. • 
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In the plots to an arithmetical scale, Figs. (VI.4a) to (VI.l4a), 
it is seen that the stress deformation relations were non-linear, with 
the displacements increasing more rapidly with respect to the shear 
stress. The displacements were also plotted on the logarithmic scale 
versus j on a linear scale, Figs. (VI.4b) to (VI.l4b). It can be seen 
that, on many of the diagrams, an approximately linear relationship 
existed between the shear stress (- j) and the logarithm of displace-
ments (log~ Vi). The slope of the straight line portion increased with 
density. The deviation from linearity was small in all the tests except 
TCa-6. The initial portions of the curves (i.e., at small shear stresses) 
deviated from the straight line, but at these levels of displacements, 
the measurements of the deformations were not accurate because of the 
correction factors. It is also the nature of the semi-logarithmic plot, 
with the origin at minus infinity. Therefore, as a first approximation, 
we may assume that there is a linear relationship between the shear 
stress and the logarithm of the principal displacements in both triaxial 
compression and triaxial extension stress states. 
Tests TCa-6 and TEa-5 were different from the others in that 
the value of rrOCT in these tests was 15 psi, while it was 20 psi in the 
others. Comparing Tests TCa-6 to TCa-2 and TEa-5 to TEa-2 (both members 
in each pair had nearly equal densities), it is seen that the displace-
ments were larger where rr0 CT was smaller. Since only one test of each 
kind was performed with rrOCT = 15 psi, it is impossible to draw any 
general conclusion about the dependence of the displacements upon rrOCT" 
On the stress-deformation plots, when the shear stress was in-
creased to a certain point, there was a sudden increase in the displace-
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ments for further shear stress increments, and subsequently a discon-
tinuity could be found on the curves. This discontinuity is more 
readily identified on the semi-logarithmic plots, which were made mainly 
for this purpose. As explained in Chapter III, this discontinuity is 
herein defined to be 11failure." Actually, since the shear stress was 
applied in increments, we can only locate the failure point within an 
interval. For example, in Fig. (VI.4b), although the discontinuity of 
the curves was drawn at j = lol, failure actually occurred between j = 
l~ and the next stress level, which in this case was j = ll. 
Such a discontinuity and the interval defining the failure point 
were marked on the semi-logarithmic plot in each of Figs. (VI.4) to 
(VI.l4). It is observed that in general this discontinuity was more ob-
vious for a dense soil and became obscured for a loose soil. This is 
in agreement with the reasoning given in Chapter III, based on the con-
sideration of energy stored and work done. However, this has to depend 
partly on the magnitude of the stress increments near the failure point. 
Had we been able to apply very small increments near the failure point, 
we may not be able to detect any discontinuity at all. 
Failure occurred at different levels of shear stress for samples 
of different densities. In Fig. (VII.2), the value of Coulomb ~ at 
failure of each sampl e is plotted versus the void ratio of the sample 
for both the triaxial compression and triaxial extension stress paths. 
It should be noted that the end points of the failure interval corres-
ponds to the values of ~ before and after failure. The two shaded bands 
in this figure define the failure zones for the sand tested under the 
two stress conditions. The value of ~ increases with the density (or 
• 
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decreases with e). Observe that Test TCa-6 (with ~OCT= 15 psi) gave 
the same failure interval as TCa-2 (~OCT = 20 psi), while TEa-5 (~OCT 
15 psi) had a lower failure interval than TEa-2 (~OCT= 20 psi). Based 
on the limited information thus gathered, it is suggested that the posi-
tion of the failure point does not depend on the value of ~OCT' 
In most cases, shearing was continued arter the soil had failed. 
From the semi-logarithmic plots, with the limited information available, 
it is seen that another straight line could be roughly drawn for the 
stress-deformation relation after failure. This straight line has a 
flatter slope than the one before failure. Therefore, the informations 
obtained from Tests TCa and TEa indicate a bilinear shear stress-log 
(principal displacements) relationship for sand stressed once to failure 
and beyond. 
The total volume change A V, calculated by direct summation of 
the three principal deformations ~Vi, was also shown in Figs. (VI.4) to 
(VI.l4). For loose soils, A V was positive (compression) in the begin-
ning and then became negative (expansion) when failure was approached. 
When the density of the sample increased, the amount of initial compres-
sion decreased until for a dense sample (TEa-l and TEa-2) ~ V was nega-
tive right from the beginning, and then decreased at a faster rate when 
failure was approached. At failure, samples of all densities were ex-
panding. The magnitude of A V (positive or negative) was rather small 
at the initial stages of shearing but failure was always preceded by an 
increased rate of expansion. 
In TCa-1 and TCa-2 where the samples were considered dense, a 
contraction was observed at the beginning, in contrast to what happened 
~ 
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in TEa-l and TEa-2 where samples of the same density expanded. This 
leads to a tentative conclusion that the stress conditions may also af-
fect the way a soil dilates. 
That a soil would always expand as it fails was explained in 
Chapter III. It was pointed out that this is in agreement with the 
mathematical analysis of Drucker and Prager [39]. The concept of criti-
cal void ratio is not applicable here, because the deformations obtained 
in t hese tests were still small (< 2% strain) and the sample had not 
rea ched the ultimate condition. 
In all but two (TCa-6 and TEa- 2) of these tests, the sample was 
unloaded to the hydrostatic stress state. The amount of recoverable 
principal deformations, as measured during unloading, was small c~ 20%) 
compared to the total deformations immediately before unloading, although 
strictly speaking the latter included the plas tic deformations occurring 
after the soil had failed. In view of this last fact, the proportion of 
elastic and plastic deformations will be discussed in connection with 
t e sts TCb and TEb in which unloading was performed below the failure 
s tress l evel. 
For the purpose of comparison, the results of a conventional 
triaxi a l compression test, taken from Bell [8] are reproduced in Fig . 
(VII. 3 ), where the r esults of Test TCa-1 are also shown. It can be seen 
that the behaviors in these two tests were quite different. Although 
the initial behaviors of the soils in the two tests were quite similar, 
they began to deviate from one another as the tests proceeded, with the 
sample i n the conventional te s t deforming considerably more than the 
pre sent one. It was pointed out in Chapter II that the development of 
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failure planes in the presence of the rigid end plates in the conven-
tional test was an indication of non-uniform deformation. During the 
early stages of the test, failure planes had not formed to any extent, 
and end friction was relatively unimportantj hence the behavior of the 
sample was about the same as that observed in the present test, in which 
the stress conditions were considered to be uniform throughout a test 
because of the flexible membranes. However, when the strains became 
bigger, the formation of failure planes in the cylindrical sample pro-
duced results which were only representative of the regions where the 
failure planes were formed. Relatively large movements took place on 
these planes, thus accounting for the large overall deformations ob-
served , whereas in t he present test the soil may have been free from 
such plane s and it deformed uniformly. 
An attempt has also been made to plot the results of the tri-
axial compression tests of this investigation in the stress-dilatancy 
plot as used by Rowe [ 24]. Whereas Rowe obtained straight line relation-
ships from results of conventional triaxial compression tests, such re-
lationships are not obtained here. 
(3) Tests TCb and TEb 
These tests were carried out by applying cycles of shear stress 
to the sample, while the mean stress was kept constant (l5 psi). In each 
succeeding cycle, the octahedral shear stress was brought to a new high 
value and then reduced back to zero. The proportion of elastic and plas-
tic deformations can be studied from the results of these tests. 
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The stress-deformation relations of TCb-1, TCb-2 and TEb-1 are 
shown in Figs. (VI.l5), (VI.l6) and (VI.l7) respectively. Test TCb-1 
should be compared with Test TCa-6, for they had the same value of ~OCT 
(15 psi) and both samples had the same void ratio (0.535). Similarly, 
Test TEb-1 should be compared with Test TEb-5. However, since no TCa 
test was performed on a medium loose soil with ~OCT = 15 psi, Test TCb-2 
could only be compared with Test TCa-3 which had ~OCT = 20 psi. In the 
semi-logarithmic plots of Fig. (VI.l5) to (VI.l7) are plotted the defor-
mations in the samples when the shear stress was increased to a new high 
value. 
From the arithmetical plots, it can be seen that these deforma-
tions were nearly the same as those when the shear stress had been re-
duced to zero and then increased back to this previous high value. 
Hence it is possible to draw an envelope to the stress-displacement 
curve t hrough those points representing the displacements at the maximum 
values of the shear stress. This envelope was shown on the semi-loga-
rithmic plot. By comparing these envelopes of Tests TCb-1 and TEb-1 to 
the stress-displacement curves in Tests TCa-6 and TEa-5, it is seen that 
the envelopes did not differ very much from the stress-displacement 
curves. This leads to the preliminary conclusion that the displacements 
in the soil do not depend on the stress history on the soil, provided 
that this stress history consisted only of loading and unloading along 
t he same radial path on the octahedral plane, and that the soil has not 
been subjected to shear stress of magnitude greater than the present one. 
This observation is made based on the results of the two tests on a 
medium dense sand and with different stress paths (TC and TE):,. f 
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If we compare the results of Test TCb-2 with those of Test TCa-3 
(both were on medium loose sample)) bearing in mind the difference in 
the values of the mean stress in these tests we may tentatively conclude 
that the observation made in the last paragraph is also valid here. We 
expect this observation to hold even in situations where we have a real 
three dimensional stress state) because) even though the stress condi-
tions in these tests were TC and TEJ the actual state of stress in the 
sample was quite homogeneous . Therefore) we reach the conclusion that 
for granular soils of all densities and under any stress state) the def-
ormations before failure only depend on the existing shear stress) pro-
vided that previous loading and unloading occurred along the same radial 
path on the octahedral plane and that the soil has not been "prestressed" 
with a larger shear stress. The coincidence of the envelope and the 
virgin stress-deformation curve was a l so obtained on the plot of the 
total volume change L. V ( = L L. Vi) . 
In these three testsJ failure was observed to take place within 
the stress interval indicated on the plots. If we compare these intervals 
with those in the corresponding tests where no unloading was carried out 
on the sample (specifically j=~ to 10 in TCb-1 to j=9 to 10 in TCa-6 ; 
j=6 3/4 to 7 in TEb-1 to j=~ to 7 in TEa-5)J we can conclude that the 
failure stress l evel of the soil in a medium dense state was not affected 
by previous loading and unloading along the same stress path. However) 
for a medium loose soilJ such a concluston cannot be drawnJ partly be-
cause the value of ~OCT u sed in TCb-2 was different from that in TCa-3. 
The sample in TCb-2 failed at a stress leve l lower than that in TCa-3 . 
Maybe a loose soil is less stable than a dense one and is more easily 
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affected by the stress history. This point will be elaborated on later. 
In these tests, as in the regular TCa and TEa tests, the sample 
always expanded when it began to fail, even though it might have con-
tracted during the unloading cycles. 
The unloading and reloading portions of the stress-principal 
displacement curves in these tests were fairly straight and the area of 
the hysteresis loop formed by them was quite small, except when the un-
loading was performed after the sample had failed, as in T.Eb-1 when un-
loading from and reloading to j=7 were carried out. As a first approxi-
mation, we can assume that unloading and reloading in shear in granular 
soils take place along the same straight line on the stress-displacement 
plot. Unloading after the sample had failed produced displacements 
which were far from linearly related to the stress, especially in the 
region of low shear stress. For unloading from stress levels below 
failure and the subsequent reloading, the approximate straight line 
stress-deformation relationships have slopes which decrease only slightly 
with the stress level from which unloading started. When this stress 
l evel was about midway to the failure state, we can assume that the 
slope was constant. From the plot of ~ V ( = [ ~ Vi) it can be seen that 
unloading was accompanied by a volume contraction in the sample, irres-
pective of whether the sample had expanded or contracted before unloading 
st art ed . This means that the soil became stronger during the unloading 
process. 
Since it had been concluded previously that unloading and reload-
ing did not affect the virgin stress-deformation curve, we can treat the 
deformation recovered by unloading as the elastic portion of the total 
-·· 
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deformation. This recoverable deformation is shown in Fig. (VII.4) as a 
percentage of the total deformation before unloading. It can be seen 
that the deformations were not all recoverable even at the lowest level 
of shear stress from which unloading was carried out. Due to the in-
sensitivity of the apparatus and measuring devices, it was impossible 
to judge whether this was true at very small shear stress (e.g., j~). 
However, it would appear from extrapolating the results shown in Fig. 
(VII.4) that the irrecoverable portion of the deformation at small shear 
stress would be quite small. While the ratio of elastic to total defor-
mation was between 60 to 80% at the first shear stress level (j=2), this 
ratio decreased as the shear stress increased and was between 15 to 4o% 
at failure. The elastic portion of the major principal deformation was 
always less than that of the minor principal deformation, and this com-
pa ratively large recoverable portion of the minor principal deformation 
probably accounted for the contraction of the sample during unloading. 
We note also from Fig. (VII.4) that the proportion of elastic 
deformation was larger in a dense soil than in a loose one. This was 
anticipated from the consideration of the behavior of particles. There-
fore, since a loose soil would undergo largely plastic deformations, 
from the failure point of view it was more sensitive than a dense one. 
In Fig. (VII.4) are also shown the ratios of elastic to total 
principal deformations calculated for Tests TCa and TEa at the unloading 
cycle after failure has been passed. It is seen that for A V~ this ratio 
has an average value of about 15% and for A V3 it is about 30%. 
In the following, loading and unloading tests in general (i.e., 
not TC or TE) are examined from an energy point of view in terms of the 
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energy supplies by the external stresses and the energy stored in the 
material. 
In Figs. (VIII. 5 ), the three principal stresses are plotted 
versu s their respective principal strains. They are for a test in which 
o-~ + o-2 + o-3 = constant, and o-~, 0'2 ~a-OCT and 0"3-<: a-OCT The total 
energy input in the shearing portion of the test can be calcul ated as 
E~ 
E J 0"1 
E 
0 
= J (a~j 
Since 
E~ E3 
dE~ + J 0"2 dE2 + J 0"3 dE3 
E E 
0 0 
+ O"OCT ) dE1 + J (a2j + O"OCT) dE2 + J (a3j + O'OCT ) dE3 
E . 
1. 
b. vi J j d (b.Vi), 
b.V 
0 
i 
(VII. l) 
constant, 
l, 2 , 3 . 
(VII. 2 ) 
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assuming that V is constant, which is approximately true ( t::,.V V < l% ) • 
And (VII. 3) 
The integral in Eq. (VII.2) is the area under the arithmetic 
stress-principal deformation curves as plotted in Chapter VI. Therefore 
the Ei (i = l, 2, 3) are the contribution from the shearing of the mate-
rial. The integral in Eq. (VII.3) is the total volumetric change of the 
sample and hence E4 is the contribution from the dilation of the mate-
rial. It would appear at first sight that the presence of E4 is rather 
surprising, and it may be neglected. However it must be remembered that 
ai 
granular soil is a dilatant material and it turns out that since ---- , 
a-OCT 
whose value can be calculated from Appendix A, is rather small 
(e.g., for a TC stress path, a~ = 0.115, and a2 as = -0.057), the 
contribution from E4 is rather significant with respect to the other 
items. 
Hence to calculate the energy input during loading, we just need 
to compute the area under each of the stress-deformation curves in the 
three principal directions, together with the summation of the volumetric 
change. Similarly, to calculate the energy release during unloading, we 
compute the corresponding areas under the unloading portions of the 
curves. 
This indicated procedure has been carried out on the results of 
Tests TCbl, TCb-2 and TEb-l. Due to the limited number of unloading 
cycles in each test, it is only possible to draw the following conclu-
sian: the amount of recoverable energy is only a small portion of the 
total energy input, about 20% for unloading from a medium vafue of j and 
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less than 5% for loading from a large value of j (say, after failure). 
For unloading from a small value of j, the contribution from the dila-
tional effects is very pronounced, which, in view of the uncertainty 
involved in the membrane correction factors, makes the energy calcula-
tions doubtful for small values of the shear stress. 
(4) Tests TCc and TEe 
These tests were identical with Tests TCb and TEb, except when 
the shear stre ss was zero at the end of the unloading cycle, the hydro-
static stress on the sample was increased from 15 psi to 40 psi and 
then back to 15 psi. This cycle of hydrostatic stress was carried out 
with the main purpose of determining the effect of previous shear stress 
history on the hydrostatic compression of the material. 
The volumetric compression of the sample during this cycle of 
hydrostatic stress is plotted in Fig. (VI.l8c) for TCc-1, Fig. (VI.l9c) 
for TCc-2 and Fig. (VI.20b) for TEc-l, for each value of j from which 
shear unloading commenced. The value of ~ V was calculated by direct 
summation of the three principal displacements~ Vi, which, although not 
shown, were nearly equal when the previous maximum shear stress was small 
and became slightly unequal (with 6 V3 showing more compression than 
6 V1) as this maximum shear stress increased, until failure was reached. 
That they were equal meant that the compression was isotropic. This 
leads to the conclusion that shear stress history in which the fai lure 
stress state has not been exceeded does not greatly affect the isotropy 
of the sample as far as can be determined by the apparatus employed in 
this investigation. The sampl e became increasingly anisotropic when 
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failure was approached. When the sample failed, the grains underwent 
large movements in a preferred direction, which produced a strong aniso-
tropy in the sample. 
By examining the compressibility curves of these tests, and 
comparing them to those where the soil had not been subjected to any 
shear stress at all (i.e., j=O), it is seen that the compressibility of 
the sample in all tests remained approximately unchanged by the shear 
stress history until failure was approached, and the volumetric compres-
sion was almost completely elastic. Near or after failure, the soil be-
came more compressible, but this deformation was then less elastic. 
However, the recoverable portion was the same as before. In fact, the 
unloading portion of the compressibility curve was the same in all the 
hydrostatic cycles, irrespective of the maximum shear stress. 
This can be explained from the results of previous tests. It 
has been found that the sample always expanded when it was near to 
failure, no matter in what density state it was, and that part of this 
expansion was irreversible when the shear stress was removed. Now when 
the soil was subjected to a hydrostatic stress increment, it was allowed 
to recover some of this expansion in addition to the real hydrostatic 
compression of the soil under hydrostatic stress. Since the expansion 
arose mainly from the contribution of A V3 , the hydrostatic stress in-
crement now produced more compression in the A V3 than in the A V~ di-
rection. When this hydrostatic stress increment was removed, only the 
real elastic hydrostatic isotropic compression could be recovered, 
leaving the recompression as an irrecoverable deformation. Since the 
elastic hydrostatic compression of sand depends only upon its density 
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~r void ratio)J and because the density of the sample was only changed 
very slightly during shearing ( 6VV ~ 0.05%) J it could be expected that 
the unloading portion of all the hydrostatic cycles following shear un-
loading to be the same. The recompression by hydrostatic stress follow-
ing shear unloading was small when the maximum shear stress was small 
compared to the failure shear stress. HenceJ we reach the conclusion 
that the hydrostatic compression of this sand is elastic and isotropic 
and remains unchanged by stress history which consists only of shearing 
in a radial line on the octahedral plane without producing failure. 
By comparing these TCc and TEe tests with the last series (TCb 
and TEb)J it can be seen from the stress-deformation plots thatJ except 
in Tests TCc-l and TCb-lJ there was a very good agreement between the 
virg in curves (i.e.J the envelopes of the stress-deformation curves) in 
the oth er two pairs of tests in the series . It is the opinion of the 
a uthor that the results of tests TCc-l were unreliable} because} if the 
hydrostatic stress cycle on the sample after each shear loading produc e d 
only elastic} isotropic compression} the behavior of the sample upon re-
load ing } especially when the shear stress returned to the virgin region} 
should not be affected. HenceJ basing on the results of the other two 
tests in this group (i.e. 7 TCc-2 and TEc-2)J we may conclude that the 
shearing behavior of the soil does not depend upon any shear unloading 
interrupted by a hydrostatic stress history at zero shear stress. 
The virgin stress-deformation curves of these three tests were 
also shown on a semi-logarithmic plot. It can be seen that failure oc-
curred in the sample s within the intervals shown . Again by comparison 
with TCb and TEb tests} we find that these intervals were the same in 
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both series, except in TCc-2. However, in TCc-2, the sample was a medium 
loose one, and the discontinuity was not obvious, perhaps due to the 
large stress increments near to failure. The difference between this 
and the corresponding TCb-2 was not large. Hence, the author tends to 
conclude that the failure strength was not affected by the hydrostatic 
stress cycle applied when the shear stress was unloaded to zero. 
(5) Tests TCd and TEd 
These t ests were carried out by increasing ~OCT when the sample 
was under a shear stress. The ratio of TOCT ~~ ---- (or --) was kept constant 
~OCT ~3 
and TOCT increased proportionately with ~OCT" They were carried out 
with the purpose of determining the effect of TOCT and ~OCT on the def-
ormations. The results are given in Figs. (VI.2l), (VI.22) and (VI.23), 
where the principal deformations caused by ~OCT increasing from l5 to 
25 psi and decreasing to l5 psi are shown. The volumetric compression 
~ V, calculated by direct summation of ~Vi, is also plotted versus 
~OCT for different values of j. 
It was thought that, as far as the stress path was concerned, 
the shearing deformations in the soil would depend on three factors: 
the magnitude of the shear stress TOCT' the magnitude of the mean stress 
~OCT and the ratio of these two. In these tests, the last quantity, 
represented by j, was held constant. Therefore, the deformation~ Vi 
could be decomposed into two parts (~Vi)~ and (~ Vi)T. From the tests 
TCd and TEd, the interrelation of these two components could be deter-
mined with special reference to the elastic and plastic portions of each. 
It had been found in previous tests that the deformations due to an in-
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c~ease i~ rrOCT in a sample under a hydrostatic stress state were elastic 
anc isotropic, and that t he deformations caused by a shea r stress TOCT 
conf i ned on the octahedral plane were pa rtly plastic and partly elastic. 
We hoped to find out whether the effect of a change in stress rrOCT under 
t:ne condit ions in the present tests was elastic or not. 
Referring to Figs. (VII . 6 ), which illustrate t he different def-
ormat ion s ituations in the t ests, point s A represent the deformations in 
t 11e sample when j increased to a new value with rrOCT constantj points B 
represent t he deformations when rrOCT increased from 15 to 25 psi, with 
j constantj and points C represent the deformations when rr0 CT decreased 
from 25 to 15 ps i , with j constant . The difference between A and B then 
r epresents the total deformation caused by ~ rrOCT and ~ TOCT' which can 
lJe split into the e l astic portion c~ vi )e and the plastic port ion c~ vi ) p} 
i . e ., 
+ [ (~ Vi\e + (~ Vi\p]. 
(VII.4) 
The e lastic component s in thi s deformation c~ v) e and c~ v .) e} 
i rr l T 
were recovered when rrOCT decreased from 25 to 15 psi and their sum was 
e qual t o t he diffe rence between Band c, i.e., 
(VII. 5 ) 
By subtraction, t he diffe r ence between A and C represents the 
::.1-rc:coverable components of the deformat ion, i. e ., 
f 
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(VII.6) 
At small vaues of j, (~Vi)~ and (~ Vi)T were of comparable 
magnitude. While c~ v1) and (~ v1) were both of the same sign (posi-(J" T 
rep~esenting a compression), (A V3 ) and (A V3 ) were of different 0" T 
sign, with (A V3 ) being an expansion. T 
B Therefore (A V3 )A was composed 
of two quantities which tended to cancel each other. B Thus, (A V3 )A was 
B 
observed to be small er than (A V1)A • Moreover, it was found in previous 
tests that both (A V1) P and (A V3 ) P were around 30% of A V1 and A V3 1" 1" 
respectively for small values of j (see Figs. VII.4). If (A Vi)O" was 
almost completely elastic (i.e., (A v1 )~p ~ 0), then (A V1)P in Eq. 
(VII.6) would be equal to (A Vi)TP. In other words, the irrecoverable 
portion of the deformation between A and B would be completely due to 
i.e., (VII. 7) 
and (VII. 5 ) 
Or, (VII.5a) 
and (VII.5b) 
In Eq. (VII.5a), both (A V1) e and (A V1) e are positive (com-O" T 
pression). For small values of j, (A V1 ) e did not change rapidly with T 
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respect t o j. Indeed, if we postulat e t hat (~ V~) e was constant 
CT 
with 
respect to j, then the sum of c~ v~) e and (~ V~) e a t j=2 shoul d not 
CT T 
differ appreciably from the sum of the same quantities at j=4 for example. 
B It was indeed observed in the t ests that (~ V~)C was about constant for 
the first few values o f j at which t he value of CTOCT was varied. At 
larger values of j, t he deformation due to ~ TOCT (i. e . (~ V~)T) became 
larger exponentially with j (remember the straight line on t he semi-
logarithmic plot of j versus deformation). However, the proportion of 
elastic deformation became smaller, around 30% . Therefore, (~ V~) e 
T 
was a l so increasing but rather slowly. By examin i ng Figs . (VI. 2la ) to 
B (VI. 23a), it is found that indeed (~ V~)C increased with respect to j. 
B (Had the shearing deformation been completely plast ic, (~ V~)C would 
be constant at all values of j). By the same reasons, we expect 
(~ V~)P ~ (~ V~)Tp to increase rapidly with respect t o j since both 
(~ V~) and t he ratio of (~ V~) Pj(~ V~) e increased with j. This was T T T 
indeed the case with the tests . 
The same argument can be applied t o ~ V3 , but here it is a little 
more complicated, because of t he difference in direct ions of (~ V3 ) and CT 
(~ V3 ) . Depending on t he relative magnitudes of these two quantities 
T 
which in turn depended on j, we can have one of the two situations shown 
in Figs . (VII. 6c ) and (VII . 6d). In Fig. (VII. 6c ) for small j, point B 
was to the right of point A, indicating that t he compression of (~ V3 ) CT 
was bigger than t he expansion of (~ V3)T . Upon unloading of CTOCT' 
c~ v3) was completely recovered, but c~ v3) was about 6od recoverable. CT T fO 
This brought us back t o point C, with AC representing the 4o% of (~ V3 ) T 
which was irreversible. For a larger value of j, for example Jn Fig. 
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(VII. 6d), the expansion of (6 V3 ) was larger than the compression of T 
(6 V3 )~ thus point B was to the left of point A, indicating a net ex-
pansion. When 6 ~OCT was removed, (6 V3)~e and (~ V3)Te (which was 
about 30% of (~ V3 ) ) were recovered, bringing us to point C, with AC T 
representing the irreversible portion of (~ v3) • 
T 
The same reasons as used in the case of 6 V~ now indicate that 
a slight decrease in the distance BC for 6 V3, which represents the re-
coverable portion of ~ V3 , and a much faster increase in the distance 
AC which represents the irrecoverable portion of ~ V3 should take place. 
Examination of Figs. (VI.21a) to (VI.23a) reveals that this is in agree-
ment with the tests results. 
In the above discussion, the assumption was made that <~vi)~ 
was completely elastic. This assumption was partly substantiated by the 
agreement of the experimental results with the conclusion reached from 
the reasoning above. This can be further shown to be a valid assumption 
by plotting 6 V (= L~ Vi) versus ~OCT" Writing Eqs. (VII.4) and (VII.6) 
in terms of 6 v instead of 6 vi, we have 
(VII.8) 
(6 V) e + (~ V) e 
~ T (VII.9) 
(~ v) P + (6 v) P 
~ T (VII.lO) 
B The loading portion of the 6 V- ~OCT plots represents (6 V)A , 
B 
and t he unloading portion represents (~ V)C • It was found in previous 
t e sts that for shear stresses not near to failure, (A V) was small. T 
Hence Eq. (VII.9) becomes 
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(~ V)CB = (~ V)e = (~ V)~e (VII. 9a) 
From Figs. (VI.2lb) to (VI.23b ), it can be seen that the unload-
ing portion of each curve was the same in each t est, for all values of 
j including j=O. This then proves the validity of the assumption that 
the compressibility by the increase in onctahedral stress with constant 
TOCT/~OCT was elastic. 
The loadi ng portions of t he ~ V ~ ~OCT curves represented both 
the plastic and e lastic portions contributed by ~~OCT and ~ TOCT' The 
contribution from ~ TOCT was rather small and almost elastic except 
when failure was approached; it was then an expansion which was not 
compl etely r ecoverable . Hence for values of j near to and especially 
after fa ilure, the loading portion of the cu rves would show an expan-
sion, as for j=lO and ll i n Fig. (VI.2l b ) and for j=7 and 7~ in Fig. 
(VI.23b) . 
We therefore reach the conclu s ion that the compression of a 
granul ar soil by a hydrostatic st ress with a proportionate increase in 
the shear stress TOCT so that t he ratio TOCT/~OCT remains constant can 
be decomposed int o two parts, one from the contribution of ~ ~OCT and 
the other from ~ TOCT' Each can be estimated separately from the re-
sult s of the hydrostatic compression test HC and the tests TCb and TEb. 
In this sense , an uncoupling is achiev ed . Actually, the effects of 
TOCT and ~OCT are still coupled because of the dilation of the material. 
No attempt was made to draw an enve l ope for the stress-deforma-
t ion curves in these t ests, because such an envelope is difficult to 
define and depends on the increment in j after each cycle of .~OCT ' 
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Moreover the stress path did not lie completely on an octahedral plane. 
For the same reasons, failure was difficult to define for these tests. 
However, from Figs. (VI.21) to (VI.23), it appears that failure occurred 
between j=lO and 11 in Tests TCd-1, between j=8 and ~ in Tests TCd-2, 
and between 7 and 7! for Test TEd-l. The judgment was made by observing 
the shear displacements caused by ~ ~OCT' and by observing the relative 
positions of points similar to points A, Figs. (VII.6). If these failure 
intervals are taken to be correct, then they represent a higher stress 
level in all three cases than the corresponding Tests TCa-6, TCb-2 and 
TEa-5, where the sample was sheared directly to failure, (except in 
TCb-2 which is used for comparison because no TCa test was available 
near this void ratio with ~OCT = 15 psi). However, the difference is 
quite ·small in these, and since this method of determining failure is 
not reliable, depending on the magnitude of the stress increments, it 
is suggested that not too big reliance should be put on these failure 
intervals. 
(6) Tests TCe and TEe 
These tests consisted of superimposing a hydrostatic stress state 
on top of the deviatoric stress state in the soil sample. The magnitude 
of the shear stress ~OCT did not change during the application and re-
moval of the hydrostatic stress, but the mean stress ~OCT changed by an 
amount equal to the hydrostatic stress applied. At the same time, the 
ratio ~OCT/~OCT decreased. Therefore, of the three factors (~OCT' ~OCT' 
and ~OCT/~OCT) which were thought to influence the deformation in the 
soil, only two were varied in these tests, and by the loading and unload-
ing of the hydrostatic stress, we hoped to distinguish the eff~cts of each 
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of these two factors. The results of these tests are shown in Figs. 
(VI. 24) to (VI.26). 
In the Test Series TCd and TEdJ results of previous} simpler} 
tests were used to predict the behavior of those testsJ and it was 
found that good agreement was obtained between the predictions and the 
experimental observations. The same procedure will be attempted here. 
Referring to Figs. (VII.7)J which illustrates the different 
deformation situations in the present testsJ points A represent the 
deformations in the sampl e after j had been increased to a new value 
with rrOCT constantj points B represent the deformations in the stageJ 
when rrOCT was increased from 15 to 40 psiJ with j constant (howeverJ 
it was explained in Section 3 of Chapter VI that j actually decreased 
and then increased back to its original value during the cycle of hydro-
static stressj but for convenience of plotting} it was treated as con-
stantj actually it was TOCT that was constant)j points C represent the 
deformations when rrOCT was decreased from 40 to 15 psiJ with j constant. 
The difference between A and B then represents the total deformation 
caused by !::::. rr0 CT and !::::. ( :~~~ ) J which can be split into the elastic 
portion (!::::. V.)e and the plastic portion (!::::. V.)P as follows: 
l l 
(VII.ll) 
= [ (!::::. Vi)rre + (!::::.Vi)/]+ [ (!::::. Vi)~/rr + (!::::. Vi)~/ol 
The elastic components in this deformation} (!::::. Vi)rre and 
e (!::::. Vi) -r / rr J were recovered when rrOCT decreased from 40 to 15 psi and 
their sum was equal to the difference between B and CJ i.e.J 
f 
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(VII.12) 
By subtraction, the difference between A and C then represents 
the irrecoverable components of the deformation, i.e., 
(VII.l3) 
As in the last Section, we make the assumption that (~Vi)~ ·was 
completely elastic, i.e., (6 Vi)gp = 0. The effect of TOCT/~OCT is 
more complicated, and we have to go back to Tests TCa and TEa and TCb 
and TEb in order to find out this effect. In the first set of tests, 
TOCT was increased monotonically until the soil failed. During this 
shearing, the ratio TOCT/~OCT also increased. But in the present tests, 
TOCT/~OCT decreased from a maximum value at A to a minimum value at B. 
At the next cycle of hydrostatic stress, TOCT/uOCT decreased from a 
new maximum value at A. Therefore, as far as the value of TOCT/gOCT 
was concerned, the stress conditions between A and B were similar to 
unloading from the virgin curve which had TOCT/gOCT as its ordinate, 
and the conditions between B and C were similar to reloading along the 
same stress path. Now if we consider that the unloading and reloading 
cycles of TCb and TEb were performed with TOCT/gOCT as the variable in-
stead of TOCT (uOCT was constant), we can employ the results of those 
tests in connection with the present context. 
From the results of TCb and TEb, we found that the unloading 
of Tjg produced deformations which were relatively small and varied 
linearly with j. The reloading of T/u produced deformations which in 
general were approximately linear and the hysteresis loop between the 
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unloading and reloading portions of the curve was small. The deforma-
tion during unloading would, in the present tests, be represented by 
c~ v ) I and that during reloading by c~ vi)e; . Had there been no i-ra- -ro-
hysteresis loop, these two quantities would be e qua l, i. e ., (~ Vi)~lo-=0. 
But the presence of the small hysteresis loop meant that (~ V.)PI was 
l T 0" 
not zero but a small quantity. 
This, together with the assumption that (~ Vi)~=O, indicates 
that Eq. (VII.l3 ) will become 
small. (VII .13a) 
In Eq. (VII.ll), written for ~ V1, the contribution of (~ V1) 
a-
was a compression and that of c~ v1) I was an expansion, since -ria- was T CT 
unloading. These two tended to balance each other and, the refore , the 
net result, B (~ V~)A would be comparatively small. However, for ~ V3, 
both contributions from c~ v3) and c~ V3) I were compression and they 
0" T 0" 
produce d the same effects. For small values of j from which -r/o- began 
to unload, c~ v.) I would be small, but it increased with the value of 
l -r a-
j. Therefore at small j, the compression of (~ V~) predominated t he 
a-
expansion of (~ V1)Tio- and hence (~ V1)AB should show a net compression. 
At this value of j, the hysteresis loop was a lmost negligi b l e ; hence 
(~ V1)AC = (~ Vi)P was very small as in Fig . (VII.7). At t he next value 
of j from which unloading of Tlo- began, 
over the l ast cycle, and the net change 
c~ vl) I increased s lightly 
-r o-
B (~ V1)A would now be smaller 
t han before . At the same time, the hysteres i s loop was more noticeable 
c 
now, and hence (~ V1)A became l arger . As t he value of j increased, we 
-(· 
might reach a situation as shown in Fig. (VII.7b), in which the expansion 
f 
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of c~ V3) I was greater than the compression of c~ v~) and then the 
T ~ ~ 
reloading of Tl~ did not recover c~ V~) I completely, leaving point c 
T ~ 
to the right of point B. Examination of the test results shows that 
these behaviors actually occurred. 
The same reasoning can be applied to ~ V3 • 
and c~ v3) I were compression. We expect c~ v3) to remain constant 
T ~ ~ 
B 
while (~ V3)T~~ to increase with j 1 resulting in an increase in (~ V3)A . 
We also expect that 
became bigger, thus 
c~ v3)pl to increase with j, as the hysteresis loop 
T ~ 
c (~ V3)A would be small at first (in Fig. (VII.7c)) 
and would become larger as j increased (as in Fig. (VII.7d)). Examina-
tion of the test results reveals that these observations were borne out 
by experiment. 
In the above, the assumption was made that the (~Vi)~ remained 
the same at all values of j from which unloading of Tl~ took place and 
was elastic. That the conclusions reached from the above arguments 
were in agreement with the test results substantiated this assumption 
which can also be shown to be valid in the following where ~ V (=E ~Vi) 
was plotted versus ~OCT" Writing Eqs. (VII.ll) to (VII.l3) in terms of 
~ V, we have 
(~ V)AB c~ v)e + (~ V)P (VII.l4) 
(A V)CB (~ V)~e + c~ v)~l~ (VII.l5) 
(A v)Ac = (~ V) p + (~ V)PI 
~ T ~ (VII.l6) 
The loading port ion of the A V B -~OCT plots represents (A V)A , 
while the unloading portion represents B (A V)C • Since the ~~teresis 
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loops in the /:::,. V ~ j plots of tests TCb and TEb were qualitatively the 
same as those in the /:::,. v ~ j i plots, we can use the same reasoning as 
before and reach t he conclusion that (t::. v)P I was negligible for small 
T c:r 
values of j and increased slightly with j. Hence c (t::. V)A ' which is the 
irreversible component at the end of the cycles in the l::. V ~ c:rOCT plots 
of Figs. (VI.24b) to (VI.26b), would increase with j. This was indeed 
the case in those plots. That, at small values of j, we have almost 
complete recovery meant that (t::. V) was indeed elastic. 
c:r 
The loading portions of these /:::,. V ~ c:rOCT plots consisted of 
contributions from (t::. V) and (t::. V) I . Since -rlc:r was unloading, 
c:r T c:r 
(t::. V) I would be a compression, as deduced from the /:::,. V ~ j plots of 
.- c:r 
Tests TCb and TEb. As the value of j, from which -rlc:r unloading took 
place, increased towards failure, it was found before that the sample 
was in the process of expanding . Now the -rlc:r unloading would recover 
part of this expansion and hence at large values of j, we find a notice-
ably larger compression. However, as -rlc:r reloaded, this compression was 
l argely recovered and an expansion resulted. Therefore the compressibil-
ity of the sample under c:rOCT became larger and yet it was still largely 
reversible. At the small values of j, t he compression due to the un-
loading of -r l c:r was small; the compression was thus mainly from the con-
tribution of (t::. V) . It was found that at the first value of j, the 
c:r 
compressibil ity was indeed the same as for a soil compressed by a purely 
hydrostatic stress. We can therefore conclude that the compression of 
this granular soil by a hydrostatic stress superimposed upon a deviatoric 
stress is made up of two parts: the first is a contribution from the in-
crease in c:rOCT and has the same charact eristics (i.e., elastic, isotropic) 
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as if the same ~ ~OCT were applied on top of a hydrostatic stress state; 
the second is a contribution from the decrease in TOCT/~OCT' which is 
largely elastic. The contribution from each component can be predicted 
from the hydrostatic compression test (HC) and from the loading and un-
loading tests (TCb and TEb). There is an uncoupling between the ef-
fects of ~OCT and TOCT' in the sense that the above components can be 
estimated separately and then superimposed. But actually a coupling 
exists because of the dilational effect of the material, (i.e., ~ V 
caused by TOCT) and because of the fact that increasing ~OCT creates 
shearing deformation through the effect of TOCT/~OcT· 
For the same reasons as given in the l ast Section for tests 
TCd and TEd, no attempt was made to define an envelope for the stress-
deformation curves. However, if we try to define failure by observing 
the relative positions of the points similar to points A, Fig. (VII.7), 
we can roughly define the failure intervals to be j = 9-10 for TCe-1, 
j =7-7t for TCe-2 and j=6-6t for TEe-l. These intervals are all l ower 
than those in the corresponding Tests TCa-6, TCb- 2, and TEa-5. How-
ever, the difference is small and for practical purposes, we may treat 
them as equal. When we compare some of the stress-deformation curves 
with those in the regular tests (e.g., ~ V~ in TCe-1 and TCa-6) we 
find that they are nearly identical. This and the observation on the 
small difference in the failure intervals are consequences of the elas-
tic deformations along the stress path in the present tests. 
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(7) Radial Shear Tests 
These tests were similar to Tests TCa and TEa in that the sample 
was sheared from a hydrostatic stress state by monotonically increasing 
the octahedral shear stress, while the mean stress was kept constant. 
(Tea and TEa are e~uivalent to RS90° and RS30° respectively.) But in 
these tests, the stress condition was no longer a triaxial one, and 
hence they were truly three-dimensional tests. These tests were each 
carried out on a medium dense and a medium loose sample and the results 
were shown in Figs. (VI. 27) to (VI.32) by plotting the three principal 
displacements and the total volume change versus the shear stress (- j) 
linearly and semi-logarithmically. 
It is interesting to note that the intermediate principal dis-
placements were comparatively small with respect to the major and the 
minor displacements . For RS45o, in which the intermediate principal 
stress was increasing on loading, ~ V2 was a compression (positive ). 
Upon unloading, ~ V2 expanded . For RS75o, in which the intermediate 
principal stress was decreasing, ~ V2 was an expansion (negative ) and 
during unloading, ~ V2 was a compression. For RS60° in which the inter-
mediate principal stress remained constant, ~ V2 was negligibly small 
until the shear stress was fairly large and then it was a compression 
in both the dense and the loose samples. Upon unloading in both samples, 
~ V2 continued to be a compression. 
In these t ests, the intermediate principa l stress was different 
from both the major and the minor principal stresses. According to 
Scott [4), who reached the following conclusions by analyzing regular 
packings, the soil developed a preferred plane of shearing under these 
f 
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conditions, which was parallel to the direction in which ~2 acted. 
Shearing, therefore, took place mainly by the movement of the sample 
normal to the ~2-direction. This would explain why the observed dis-
placement in the ~2-direction was small compared to those in the ~1 and 
~3 directions. 
On the semi-logarithmic plots of displacements versus shear 
stre ss, it is seen that once again, as in Tests TCa and TEa, there was 
a roughly linear relationship between the octahedral shear stress and 
the logarithm of principal displacements with the slope of the straight 
line increasing with density of the material. That such observations 
had been made in various tests in which shearing was accomplished by 
keeping the mean stress constant and increasing the shear stress from 
zero along a straight line in different directions on the octahedral 
plane is useful for the purpose of formulating constitutive relation-
ships. 
Again, as for Tests TCa and TEa, the data showed an increase in 
the rate of deformation with respect to the shear stress and a disconti-
nuity could be drawn in the curve joining them. Hence we determine the 
interval within which failure occurred in the soil. These discontinui-
ties were more obvious than those in Te sts TCa and TEa, especially on 
the semi-logarithmic plots. Whether this was due to the fact that the 
soil had a preferred direction of shearing is not known. 
The failure intervals for a medium dense (e ~ 0.52) and a medium 
loose soil (e ~ 0.61) under stress conditions of TC, TE, RS45o, RS60° 
and RS75o are shown in Fig. (VII.8), where the results are plotted on an 
octahedral plane . The interval for e ~ 0.52 under TC is obtained by 
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interpolation in Fig. (VII. 2 ), while other intervals are obtained from 
tests on medium dense samples under the corresponding test conditions. 
The intervals could be plotted by measuring from the origin 0 at a dis-
tance proportional to j along the respective radial paths, or by calcu-
lating the value of the equivalent Coulomb angle ~· A shaded band was 
drawn for each soil, indicating the region where the failure point must 
lie for soil sheared to failure along a radial path. 
For the purpose of comparison, lines are drawn in Fig . (VII.8) 
to represent the different values of the equivalent Coulomb ~· These 
are straight lines joining the points on the TC and TE lines , where ~ 
has a real meaning. It is seen that the value of the equivalent Coulomb 
~ obtained by experiment is smallest in TC and largest in TE, and is 
monotonically increasing in between. That ~ has to take on a larger 
value under stress conditions where there is no axial symmetry than in 
the TC condition was explained by Scott (4], who attributed it to the 
fact that the so il has t o exact a penalty for the presence of a preferred 
direction of shearing by requiring a higher value of ~at failure . He 
analyzed the failure by s lipping on hexagonal planes of a face-centered 
packing under triaxial compression conditions, whereby sphere B, Fig. 
(VII . 9a ), moves over the valley between the spheres E and F which are 
on a lower hexagonal plane, and obtained the following relationship for 
~ in terms of ~he coefficient of friction ~, 
tan cp J3+4..j?j..L 
2 (-/6-j..L) 
(VII. l7) 
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If we assume failure under triaxial extension stress state to 
occur by sphere B moving over G, and perform the same calculation as 
Scott, we obtain the following relationship for ~ , 
tan~ (VII.l8) 
Eqs. (VII.l7) and (VII.l8) are plotted in Fig. (VII.9b) and it 
can be seen that for the values of ~ shown, ~ in TE is always greater 
than ~ in TC. This calculation is not meant to correlate the values of 
~ obtained experimentally on the real soil to those obtained from the 
analysis of regular packings, but is presented merely for the purpose of 
illustrating why there can be a difference in ~ in the two stress condi-
tions. 
In the same figure, the "yield" envelope obtained by Bell [8] 
for the same Ottawa sand as used in this investigation at a void ratio 
of e ~ 0.52 was presented for comparison. (Bell used rrOCT = 18 psi.) 
It is seen that Bell's value of~ in TC was 38o, 4-6° lower than that 
obtained here and the value of~ in TE was 52°, which was 4o higher 
than that obtained here. Whereas the difference between ~TC and ~TE 
was 14° in Bell's work, it is only 4-6° here. Results of conventional 
triaxial compression and extension tests show that ~TC and ~TE are 
about the same (lO, ll]. Remembering the stress inhomogeneity in these 
conventional tests and the homogeneity in the present tests, we conclude 
that inhomogeneity tends to reduce the difference in ~TC and ~TE' Bell's 
tests were also inhomogenous, yet he obtained a bigger difference in 
~TC and ~TE than here. This may be due to anisotropy in his samples, 
which must have the opposite effect as stress inhomogeneity. From this 
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we conclude that the degree of anisotropy in Bell 1 s tests was q_uite 
large, and that the failure envelopes determined in this investigation 
are a better representation of the actual failure state of the material. 
In Figs. (VI .27) to (VI.32), it is seen that although most of 
the samples (except in RS45o -1 and RS45o -2) contracted at the initia-
tion of shearing, they all expanded when the failure state was approached, 
confirming the observations made in connection with Tests TCa and TEa. 
Hence we can conclude that granular soils must expand when they are 
sheared near failure. 
The stress path RS60° was of special interest in that the inter-
mediate principal stress ~2 remained constant along this path. From the 
results of RS60° -1 on a medium dense soil and RS60° -2 on a medium 
loose soil, we see that the displacements in the ~2-direction were not 
zero but consisted of a compression. The q_uestion arises as to where 
on t he octahedral plane the stress path corresponding to the plane 
strain conditions lies. Under plane strain conditions, there is no 
strain in one of the principal directions. Observing that ~ V2 was 
posit i ve in RS60o and negative in RS75o, we see that the stress path 
which would give rise to plane strain shearing must lie between the 
RS60 ° and RS75 o radial paths, being closer to the former than to the 
l a tter. However, it must be emphasized that such a path is not neces -
sa r i ly a straight line . 
On the basis of the limited amount of data on the deformation 
of the sample s after failure ha d been reached, the bilinear relationship 
of shear stress ~ log (principal displacements) seems to hold approxi-
mat ely for three-dimensional shearing as well as in triaxial shearing. 
• 
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This is only tentative, because the present investigation was mainly 
concerned with the pre-failure behavior of the material. 
(8) Anisotropy Tests 
These were tests performed by rotating the axes of the stress 
system on the sample, with the purpose of determinjng any anisotropy in 
the sample caused by the method of preparation. Test A-1 should be 
compared with Test TCa-2, and A-2 with RS60° -2, as both members in 
each pair had nearly the same density and the same stress path. Re-
sults of Tests A-1 and A-2 were shown in Figs. (VI.33) and (VI.34) 
respectively. 
By comparing Fig. (VI.33) to Fig. (VI.5) and Fig. (VI.34) to 
Fig. (VI.30), it is seen that the general behavior of the soil was not 
affected by the rotation of the axes of the stress system. A remarkable 
correspondence in the magnitude of the three principal displacements in 
the two tests A-2 and RS60° -2 (with medium loose samples) was evident, 
whereas there was a not very big difference in the results of Tests A-1 
and TCa-2. In the latter pair of tests, both samples failed between 
the same stress interval (j=9 and 10) and both samples started to expand 
at the same stress level (j=8). In the former pair of tests, both sam-
ples started to expand at j=5i, but the sample of A-2 failed between 
j=~ and ~' whereas that of RS60° -2 failed between j=~ and ~. How-
ever, the last discrepancy was not great. 
Although complete agreement was not obtained from these aniso-
tropy tests with the respective regular tests, it is felt that the de-
gree of anisotropy in the sample induced by the method of preparation 
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was not great . (This does not include the stress-induced anisotropy, 
which is inherent in the shearing of granular material.) It is, there-
fore, proposed to treat the samples tested in this investigation as 
isotropic. This assumption is desirable because the analysis of the 
test results would have been very difficult had the samples been treated 
as anisotropic. 
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CHAPTER VIII 
SUMMARY,- CONCLUSIONS AND 
RECOMMENDATIONS FOR FUTURE WORK 
'The following is a summary of the results of the theoretical 
considerations and experimental investigation described earlier in this 
thesis. It is assumed and substantiated by test studies that the soil 
samples tested were homogeneous and initially isotropic and that a ho-
mogeneous stress state was applied to the sample by rubber membranes. 
It is also assumed that the stress control device varied the stresses on 
the sample in a continuous manner and the stresses indeed traced the 
stress path desired. 
A theoretical "holey" model for the compressional behavior of 
sand under hydrostatic stresses was postulated in Chapter III, the 
analysi s of which showed that the compression of sand by a hydrostatic 
stress is isotropic and completely elastic. Although the Hertzian con-
tact theory was postulated to hold at each contact where only normal 
forces were assumed to exist, the presence of potential contacts which 
were made by successively larger external pressures resulted in a stress-
strain relationship in which the volumetric strain does not vary as the 
two-thirds power of t he hydrostatic stress (as predicted by the Hertzian 
theory), but increases less rapidly than the two-thirds power, showing a 
strain hardening effect due to the increased number of contacts which 
form the load-resisting structure. 
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An almost complete recovery of the volumetric strain was obtained 
for samples of different densities, indicating that, under external hy-
drostatic pressure, the tangential forces acting at the contacts between 
grains were indeed small, and the grains compressed and rebounded elas-
tically under normal forces. The close correlation between the compres-
sibility predicted by the theory of holey models and that obtained ex-
perimentally shows that the concept of potential contacts being closed 
by successively larger pressure may represent a correct picture of the 
behavior. 
In the theory of holey models, the grain size distribution of 
the soil does not appear and the controlling parameter is the density of 
the soil (expressed in terms of n or e). Although the angularity is 
partially taken care of by the radius of curvature of the grains at 
points of contact, it remains to be proved that this theory would still 
hold for soils other than the Ottawa sand tested which is fairly uni-
formly graded and whose grains are rounded. However, the concepts of 
successive contacts being made will presumably hold for all kinds of 
granular soil, and it is thought that, after a few cycles of hydrostatic 
stress to stabilize the critically unstable grains, the hydrostatic com-
pression of all granular soils may well be elastic. 
The qualitative behavior of sand under a shear stress was ex-
amined at the particulate level and some simple loading and unloading 
test s involving combinations of hydrostatic and deviatoric stress states 
were performed to verify the intuitive concepts of the shearing behavior 
of sand . This was necessitated by the lack of information from the re-
sult s of other research work in this field. It was thought that these 
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experiments might help our intuition in the formulation of the general 
stress-strain relationships. 
From the consideration of the material at the grain level, it 
was found that, even at very small shear stresses, the material would 
undergo some macroscopic irreversible deformation, irreversible in the 
sense that when the applied loads are removed, a permanent set would 
remain. This is due to the fact that a tangential force between two 
grains in contact produces "slipping" on part of the contact area which 
is not completely reversible, no matter how small the tangential force 
may be. While this irreversible deformation is inherent in the deforma-
tion of granular material, so is the elastic portion of it, being due 
to the elastic energy stored in the grains under the action of tangential 
forces. When the external shear stress is removed, this elastic energy 
is released, causing a rebound at the grain contacts resulting in a par-
tial recovery of the total deformation macroscopically. When the granu-
lar material is subject to a shear stress, at some of the grain contacts 
the ratio of tangential force to normal force, T/N, may exceed the coef-
ficient of friction 1-l. and "sliding" occurs between the grains. This 
further contributes to the irreversible deformation due to the slipping 
of the contacts. During slipping and sliding, part of the energy sup-
plied by the applied stresses is dissipated by friction and is there-
fore irrecoverable. Since slipping would occur at all contacts and 
sliding at some contacts at all shear stress levels, "yield," with a 
meaning as used in plasticity theory, is not a sharply defined point 
along the stress-deformation curve of the material. However, as shear-
ing goes on, there comes a point on the curve at which the material is 
• 
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unable to store any more elastic energy and the deformation increases 
at a faster rate. This point was defined as "failure." 
Failure was identified in the experiments by a discontinuity in 
the shear stress - log(principal displacement) curves, and was located 
within an interval of the shear stress. The failure envelope was in-
vestigated three dimensionally for the sand in a medium dense and a 
medium loose state, by performing tests in which the mean stress was 
held constant and the octahedral shear stress was increased monotonically 
along a radial straight line on the octahedral plane. Five such straight 
lines were employed, including the triaxial compression and the triaxial 
extension stress paths. The failure envelopes obtained were shown in 
Fig. (VII.7). For both states of the sand, the value of equivalent 
Coulomb ~ is l east in triaxial compression and increased towards tri-
axial extension where it is 4°-10° higher. The reason for this increase 
was briefly discussed and was attributed to the penalty the soil has to 
exact due to the presence of a preferred direction of shearing dominated 
by the intermediate principal stress. 
Shearing with constant mean stress was also performed on samples 
of all density s tates in both triaxial compression and triaxial exten-
sion (Tea and TEa). The value of equivalent Coulomb~ was shown as a 
function of the initial void ratio in Fig . (VII.2) and it can be seen 
that a difference of about 12° exists between the value of ~ for dense 
and loose soils in these stress states. 
From the shearing of samples of different densities under any 
shearing stress path, it was found (a) that a dense soil would expand at 
all shearing stress levels away from the hydrostatic state aq~, when 
- 232 -
failure was approached, would expand at a faster rate, and (b) that a 
loose soil would contract at low shearing stresses and then expand when 
failure was approached. This is contrary to the observation with the 
conventional triaxial apparatus and triaxial test stress path, where 
all soils contract at the beginning. Remembering that the conventional 
triaxial test does not keep the mean stress constant, the contraction 
of a dense soil can be due to the increase in the mean stress. The ob-
servations in the present experiments were intuitively explained in 
Chapter III. That samples of all densities expanded during failure is 
in agreement with the conclusions reached by Drucker and Prager [39] 
from a mathematical point of view. Since the maximum deformations in 
the sampl es were only about l-2% strain in these experiments, it is not 
possible to achieve the critical void ratio, because it would take a 
much larger deformation c~ 10% strain) to reach the ultimate state in 
the samples. 
The results of the tests, in which the shear stress was increased 
direct ly to failure, show that an approximately linear relationship ex-
isted between the octahedral shear stress and the logarithm of the 
principal displacements. The displacements were larger for a loose soil 
and increased as the mean stress (~OCT) increased. From the limited 
amount of information on the behavior of the material after failure, it 
seems that another linear relationship existed between the same two 
quantities. This bilinear relationship would be useful in the formula-
tion of a general stress-strain law for the material. 
Unloading, followed by reloading, of the octahedral shear stress 
was carried out in Tests TCb and TEb from different levels of the shear 
f 
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stress before and after failure. The results show that the envelope of 
the shear stress-principal displacement curves was not greatly affected 
by this stress history of unloading and reloading along the same radial 
line on the octahedral plane, indicating that only the maximum shear 
stress is sufficient to determine the deformations on the virgin curve. 
The same kind of stress history did not affect the failure point. The 
same bilinear relationship existed between shear stress and log (prin-
cipal displacement). Before failure, unloading and reloading were 
roughly along the same straight line on the linear scale, with the slope 
of the straight line decreasing only slightly with the level of the shear 
stress from which unloading commenced. The small hysteresis loop before 
failure indicated that only small amount of energy was dissipated during 
the cycl e of unloading and reloading. After failure, the unloading 
curve became more non-linear and the hysteresis loop larger, indicating 
a greater energy dissipation. 
In Tests TCc and TEe, at the end of each cycle of shear unload-
ing, a hydrostatic stress cycle was applied. It was found that the 
response of the sample was the same as if the soil had not been sub-
jected to any shear stress, i.e ., the compression by the hydrostatic 
stress cycle was isotropic and almost elastic. When the shear unloading 
was begun at a stress level above failure, the soil showed some degree 
of anisotropy by compressing more in the direction in which the previous 
minor principal stress acted. This indicated that the anisotropy de-
ve loped in the sample was small before failure and became noticeable 
after failure had been reached. As in Tests TCb and TEb, the envelope 
of the stress-deformation curve seemed to be unchanged by the stress 
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history which in this case consisted of unloading, followed by a hydro-
static stress cycle and then reloading. The linear relationships there-
fore still holds between the shear stress and log(principal displace-
ment). 
The stress paths in Tests TCd and TEd consisted of excursions 
in which ~OCT and TOCT increased proportionately but the ratio TOCT/~OCT 
remained constant. It was found that the results of these tests could 
be predicted from those of previous tests, by separating the principal 
deformations into two parts, one due to the change of ~OCT and the 
other to that of TOCT' The first was isotropic and elastic and had the 
same value as if ~ ~OCT were applied along the hydrostatic axis; the 
second was partly elastic and partly plastic, with the latter becoming 
dominant as the magnitude of TOC~~OCT increased. The volume change 
could also be decomposed into two parts: the contribution from~ ~OCT 
which was completely elastic and the contribution of ~ TOCT (the dila-
tion effect). The expansion of the soil when failure was approached was 
also reflected in the volume change. 
Tests TCe and TEe consisted of superposition of hydrostatic 
stress state on an existing deviatoric stress state in the sample. 
TOCT was constant, but ~OCT increased and the ratio TOCT/~OCT decreased, 
representing an unloading. It was found that the results of these tests 
could again be predicted from those of previous tests, by separating the 
deformations into two parts, one due to the change of ~OCT and the other 
to the unloading of TOCT/~OCT' The first was isotropic and elastic and 
had the same value as if ~ ~OCT were applied along the hydrostatic axisj 
the second deformation was also almost elastic in the sense that during 
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the reloading of TOCT/~OCT' it was recoverable to a large extent. The 
volume change could also be calculated in two parts, one from the con-
tribution of 6 ~OCT which was completely elastic and the other from the 
contribution of 6 (TOCT/~OCT) which was also largely elastic. Since 
the soil would expand as T/~ was increased toward failure, unloading of 
T/~ produced compression which was superimposed upon the compression 
due to 6 ~ocT· 
Therefore, if we postulate the shearing deformations of a granu-
lar material being due to three factors, 6 ~OCT' 6 TOCT and 6 (TOCT/~OCT) 
along a general stress path on the triaxial plane, we can predict these 
deformations from the results of simple tests like the hydrostatic com-
pression test and the triaxial compression or extension tests, and then 
superimpose the contribution from each factor. Although these tests 
were performed with triaxial stress paths, presumably the qualitative 
results will also be true for a truly three-dimensional situation in 
which all three principal stresses are unequal. Stress paths on which 
the axes of the principal stress rotate are more complicated and, since 
the behavior of granular soils is highly non-linear, the effect of the 
rotation may be great. The equipment employed in this investigation are 
not capable of investigating such effects. 
(2 ) Conclusions 
The following conclusions are based on the theoretical consider-
ations and experimental investigation described in previous chapters of 
this thesis, and apply only to the Ottawa sand tested in this investiga-
tion. 
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(i) The soil test box is capable of applying any homogeneous 
state of stress to a cubic soil sample and is simple to 
operate. 
(ii) The stress control device is an analog of an octahedral 
plane of the principal stress space and affords simple 
control and variations of the three principal stresses 
along any stress path with no rotation of the principal 
stress axes. 
(iii) The hydrostatic compression of sand is isotropic and 
almost completely elastic and can be predicted from the 
theory of holey models. It does not vary as the two-
thirds power of the hydrostatic pressure but increases 
less rapidly due to the increased number of grain contacts 
at higher pressures. It does not depend upon any shear 
stress history below failure. 
(iv) Shearing of sand with a constant mean stress produces def-
ormations in the directions of the principal stresses, 
which increase exponentially with the octahedral shear 
stress. 
{v) Dense soils expand and loose soils contract in the initial 
stages of shearing with a constant mean stress, but failure, 
as defined in this work, occurs in all granular soils with 
an expansion in volume. 
(vi) Shear unloading and reloading produce deformations which 
vary linearly with the shear stress, and hysteresis is 
small on repeated loadings. Deformations in the present 
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granular soil sheared with a constant mean stress depend 
only upon the maximum shear stress on the soil. Loading 
and unloading do not affect the deformation at a higher 
shear stress. 
(vii) The deformations in a granular soil under general stress 
conditions in which the principal axes do not rotate can 
be separated into three parts, due to ~ ~OCT' ~ TOCT and 
~ (TOC~~OCT) respectively, and each can be calculated 
from simple tests like the hydrostatic compression test 
and the radial shear tests and then superimposed. 
(3) Recommendations for Future Work 
One obvious extension of this investigation is to perform the 
experiments described in this thesis on other granular soils, to find 
out whether the same qualitative behaviors occur as in the Ottawa sand 
used in this investigation. If so, we may proceed to formulate consti-
tutive relationships for granular soils under simple stress paths, using 
density, grain size distribution and angularity of grains as parameters 
in these relationships. 
Formulation of the general constitutive relationships may re-
quire more experiments in which the stresses are varied in a more general 
manner, e.g., with rotation of the principal stress axes, which will re-
quire new apparatus being designed. However, the soil test box and the 
stress control device can still be employed, for instance, in the in-
vestigation of the effect of a complicated stress history on the behavior 
of the material. Test s may be required in which a circular stress path 
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on an octahedral plane is employed with constant TOCT and ~ocT· This 
is easily achieved in the apparatus used here. 
On the analytical side, further work can be done in postulating 
a model for granular soils under shear stress. Since a granular soil 
is a random assembly of particles, a statistical approach seems attrac-
tive, with the number of contacts and the angle of their inclination 
as the statistical parameters. Having extracted the characteristic 
behavior of the material, constitutive relationships can be formulated 
which can then be used to solve practical problems. Solution of such 
problems can be compared to the results of carefully performed model 
tests. A close correlation then means a triumph in the mechanics of 
granular soils. 
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APPENDIX A 
ANALOGY BETWEEN STRESS CONTROL DEVICE AND DEVIATORIC PLANE 
AND DETERMINATION OF STRESSES FOR VARIOUS STRESS PATHS 
The analogy between the triangular plate of the stress control 
device and the deviatoric plane in the principal stress space is shown 
as follows. 
In Fig. (A.l), a weightless plate is represented by the equi-
lateral triangle ABC, and is supported at the corners A, B, and C by 
upward forces F1, F2 and F3 normal to its plane. At the centroid 0 of 
the triangle is set up a cartesian coordinate system (x,y). 
A force F, representing the load applied by the top cylinder, 
acts downwards at point P with coordinates (x,y). The forces Fi can be 
determined from equilibrium as follows: 
F . (A.l) 
Taking moments about BC, 
F (.t//3 + y) = FJ./3 £ 
i.e.' Fl. F (l/3+y/j3£), (A.2) 
where 2 £ = length of one side of triangle ABC. 
Rotate the coordinates clockwise through 30° to Ox ' and Oy'. 
P now has new coordinates x' andy', and taking moments about AC, we 
find that 
F2 F (1/3 + x'//3 1) . 
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But, X 1 = x cos 30° - y sin 30° = ~ x - ~ y. 
:. F2 = F ( l/3 + 2x - y ) • £ 2 /3£ 
(A.3) 
Rewriting Eqs. (A. 2 ) and (A. 3) in the dimensionless quantities 
x = x/.£ and y = y/ .£ , 
we have F1 = F (l/3 + yj/3) (A.2) 1 , 
F2 = F ( l/3 + x/2 - y ) 
2/3£ 
(a) 
(A.l) . 
From Eqs. (a), we can find the coordinat es of the point P, given F1 , F2 , 
and F3 . Therefore 
y (A. 4 ) 
F2 - F3 Or, x = F (A. 5) 
In Fig. (A.2) are shown the principal stress space and the devi-
atoric plane. 
The coordinates of the point P 1 on the deviatoric plane (x,y), 
are found as follows: 
-. ~ _. 
where i, j and k are the unit vectors in the ~1 , ~2 and ~3 directions 
respectively. 
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0A = 1/3 c~~ + ~2 + ~3) ci + J + k) . 
But, 
- = _l_ (21 - J - k) Oy /b 
1 
= - [2~~ - ~2 - ~3] • 
16 
-+ 
+ [ 4~2 - 2~3 - 2~~ + (2~~ - ~2 - ~3)] j 
c~2 - ~3) c- .... ) 
2 j - k ' 
~2 - ~3 
= 
(A. 6 ) 
(A. 7) 
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Comparing Eqs. (A.4) and (A.5) to Eqs. (A. 6 ) and (A. 7 ), it is 
seen that there is indeed a geometric analogy between the triangular 
plate and t he deviatoric plane. A point represented by P (x,y) on t he 
plate has the coordinates (x,y) on the deviatoric plane, and we have 
the following analogou s quantitie s : 
On the plate 
X • F 
y F 
In the stress space 
~~/3, ri2/3, u3/3 
uOCT = l /3 (u~+u2+u3) 
{2x 
f2y 
In using t he stress control device, it is more conveni ent t o 
find the stresses for a given position of P. For t his purpose, we make 
the following reduction. From Eqs . (a ), we have 
ri1A = F (1/3 + y/{3) = pA (l/3 + y /{3) 
where A = cross sectional area of cylinders, 
and p =pressure in top cylinder . 
~OCT (l + {3 y) ' (A.8) 
(JOCT (1 + 3/2 X - /3/2 y) ) (A. 9) 
and u3 = uOCT (1 - 3/2 x - /3/2 y) , (A.lO) 
where uOCT = 1/3 p. (A.ll) 
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Now TOCT is related to the length, r, of the radius vector from the 
centroid of the plate and the relationship is found to be 
TOCT = {3/2 ~OCT • r ' (A.l2) 
In Eqs. (A.8) - (A.l2), x, y, and rare all dimensionless quan-
tities, the length of one side of the triangular plate being made equal 
to 2 units. 
In Fig. (A.3) is shown the triaxial compression stress path, 
X 0 , y ~ 0 . The sides of the plate are of length 2 £ 15", and steps 
are made at l /2 " intervals along the path and numbered j, with j 0 at 
the centroid. Hence in t e rms of j, the three principal stresses are 
given below: 
~~ The quantities ---
~OCT J 
a ( = t -~ TOCT ) plotted an -- are 
a-OCT 
~3 
---
~OCT 
j ~ 0 
triaxial 
compression. 
( -~ ~~~~3 
, cp = sin / ~~ 0"3 
- l) + 1 and 
as functions of j in Fig . (A.3). 
In Fig . (A. 4) is shown the triaxial extension stress path, 
(A.l3 ) 
y x tan 30°, x, y :::_ 0 . Step s are made at l/2" interval s along this 
path, but due to a miscalculation during construction, the first s t ep 
is only 3/l O". The stresses are obtained as follows: 
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0"3 crOCT [ 1 - (j - 2/5 ) /5 13] J j ::: 1 
CTOCT [1 + (k- 2/5)/10 /3], triaxial (A.l4 ) cr~ 0"2 extension 
TOCT = crOCT . 
(j - 2/5) [1st step 3/10'' ]. 
5/6 
cr~ In Fig. (A.4) the quantities 
crOCT 
~ and a are plotted 
as functions of j. 
Three other stress paths have also been studied and they are 
shown in Figs. (A.5)- (A.7). For these stress paths, the following 
relationships are obtained: 
cr~ crOCT ( 1 + 0.0816j), 
0"2 = crOCT ( 1 + 0.0299j), 
0"3 crOCT ( 1- O.lll5j), 
TOCT cr _L_ OCT 5 .(6 . 
cr~ = crOCT ( 1 + O.ljL 
(J2 CJOCT constant, 
0"3 CJOCT ( 1 - O.lj), 
-rOCT crOCT _j__ 
5{6 
(stress path at 45° to 
the x-axis) j > 0 
(stress path at 60° to 
the x-axis) j > 0 
(A.l5 ) 
(A.l6 ) 
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rr~ rrOCT [1 + 0.1116 (j - 2/5)] , 
rrOCT [1 + 0.0299 (j - 2/5)] , 
rrOCT [1- 0.0817 (j - 2/5)] , 
(j - 2/5) 
a-OCT 5 .j6 
In Figs. cr~ (A.5) - (A.7), , 
crOCT 
against j for these stress paths. 
(stress path at 75• to (A.l7 ) the x-axis) j > 1 • 
~ and a are plotted 
An estimate was made of the errors induced in the stresses due 
to an inaccuracy in the position of the top cylinder along the triaxial 
stress path. Suppose an error of 0.05" was involved in the position of 
the top cylinder, then, for a triaxial compression test, the maximum 
error in the major principal stress occurs at j = 0 and is 1.2%, whereas 
the error in the minor principal stresses increases as j increases and 
at j = 8, this error is 1.1%. For a triaxial extension test, the maxi-
mum error in the major principal stresses occurs at j 0 and is 1.6% 
and that in the minor principal stress increases as j increases and at 
j = 6. This error is 3.8%. 
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APPENDIX B 
(1) Calibration of Bellofram Cylinder 
A Bellofram cylinder) set up as shown in Fig. (IV.l4 )J was 
filled with hydraulic oil and placed on a bathroom scaleJ as in Fig. 
(B.l), and the oil was connected to a Statham pressure transducer . The 
output of the transducer was recorded by an auto-recording potentiome-
t er ) and the transducer-recorder set-up was previously calibrated by 
air pressures. The bathroom scale is assumed to be true. 
The plunger A of the scale was screwed downwards to produce an 
axial load of P lbs. in the piston of the cylinder) as recorded by the 
scale. ·The pressure p generated in the cylinder was recorded by the 
potentiometer in terms of the voltage output of the transducer) which 
was readily converted to p. The cylinder was loaded in this way in 
steps to 67 psi and then unloaded. The P ~ p relation was plotted in 
Fig. (B.l ). It is seen that a linear relationship exists between these 
two quantities and there is very little hysteresis in the cylinder) 
since the loading and the unloading portions of the curve are almost 
identical . The fact that the straight lines do not pass through the 
origin is due to the zero error of the scale. 
The s l ope of the straight line represents the effective area 
of the hydraulic cyl inder and was calculated to be 2 . 24 sq. in. This 
can be compared to the value of 2.26 sq. i n. listed in the manufacturer' s 
catalog. This difference and the slight hysteresis could be due to the 
bathroom scale . 
- 253 -
(2) Calibration of the Stress Control Device 
A calibration test was carried out to determine the principal 
stresses generated in the hydraulic cylinders A supporting the triangu-
lar plate of the stress control device as a function of the position of 
the top cylinder B. 
A Statham pressure transducer was connected to a manifold which 
had connections for each of the three cylinders A. An auto-recording 
potentiometer was used to record the voltage output of the transducer. 
The transducer and recorder set-up had been previously calibrated by 
air pressures. 
For each position of the top cylinder B along the selected tri-
axial compression stress path with a constant ~OCT' starting at the 
hydrostatic position, the transducer was first switched to one of the 
three cylinders A. The potentiometer recorded the pressure generated 
in the cylinder. It only took a few seconds for the pressure to· build:· 
up to its new steady value. After this steady value had been attairied1 
the transducer was switched to another cylinder until the pressures in 
all three cylinders had been recorded. The top cylinder was then moved 
to a new position with the pressure in it being kept constant. 
The steady values of the three principal stresses are shown in 
Fig. (B. 2 ), where they are compared to the values calculated from Eq. 
(A.l3). It can be seen that a close correspondence exists between the 
two sets of values, and the maximum error was about 0.2 psi. Hence it 
can be assumed that the stress control device does produce the correct 
principal stresses along a stress path. 
Tests were not carried out along other stress paths. 
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LIST OF SYMBOLS 
Meanings 
r/R 
(cri - CTOCT)/ j, i 1,2,3 
constant 
void ratio 
Young's modulus of elasticity 
Contribution of cri to the total energy input, i = 1,2,3 
Contribution of dilation to the total energy input 
Face-centered Cubic 
Number of steps from the centroid along a straight 
stress path in the stress control device 
Porosity 
Normal force at point of contact of grains 
Normal force between two large spheres in the holey models 
Normal force between a large and a small sphere in the 
holey models 
Proportion of potential contacts with initial gap width a 
Hydrostatic pressure 
Hydrostatic pressure at which the gaps in the holey models 
are closed 
Maximum hydrostatic pressure at which all potential 
contacts have been made 
Radius of curvature of grain at point of contact 
Radius of grain 
Simple Cubic 
Tangential force at point of contact of grai ns 
v 
D. v. 
l 
6 vint 
X 
a: 
5 
E. 
l 
v 
~~, ~2, 
a-OCT 
TOCT 
cp 
w 
~3 
- 260 -
Principal displacement in ~i directions (i 
Volume of sample 
Total volume change in sample (= L~ Vi) 
i 
Deformation in ~i direction (i = 1,2,3) 
Internal volume change measured by hypodermic needle 
Volumetric fraction of F.C.C. grains in a random assembly 
-~ TOCT 
tan 
~OCT 
Relative approach of the centers of two spheres in contact 
under a normal force 
Tangential displacement of two spheres under a 
tangential force 
Principal strains in ~i direction (i 
Coefficient of friction 
Poisson 1 s ratio 
Major, intermediate and minor principal stresses 
Octahedral normal stress or mean stress 
Oct ahedral shear stress ~1 
of frictim ( = Equivalent Coulomb angle -l ~3 sin 
£".1..+ 
0"3 
L {l - v2 2 
4 E 
:) 
1. 
2 . 
3. 
4. 
5. 
6 . 
7-
8. 
9. 
10. 
11. 
l2 . 
13. 
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